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Abstract 

Precise asymptotics for Christoffel functions are established for 
power type weights on unions of Jordan curves and arcs. The asymp¬ 
totics involve the equilibrium measure of the support of the measure. 
The result at the endpoints of arc components is obtained from the 
corresponding asymptotics for internal points with respect to a differ¬ 
ent power weight. On curve components the asymptotic formula is 
proved via a sharp form of Hilbert’s lemniscate theorem while taking 
polynomial inverse images. The situation is completely different on 
the arc components, where the local asymptotics is obtained via a dis¬ 
cretization of the equilibrium measure with respect to the zeros of an 
associated Bessel function. The proofs are potential theoretical, and 
fast decreasing polynomials play an essential role in them. 
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1 Introduction 

Christoffel functions have been the subject of many papers, see e.g. |12| . 
m, CB], and the extended reference lists there. They are intimately con¬ 
nected with orthogonal polynomials, reproducing kernels, spectral properties 
of Jacobi matrices, convergence of orthogonal expansion and even to random 
matrices, see m,m and [18] for their various connections and applications. 
The possible applications are growing, for example recently a new domain 
recovery technique has been devised that use the asymptotic behavior of 
Christoffel functions, see [6]; and in the last 4-5 years several important 
methods for proving universality in random matrix theory were based on 
them, see DP, iBi, m and HUj. The aim of the present paper is to complete, 
to a certain extent, the investigations concerning their asymptotic behavior 
on Jordan curves and arcs. 

Let /X be a finite Borel measure on the plane such that its support is 
compact and consists of inhnitely many points. The Christoffel functions 


2 






























associated with // are defined as 


Xn{fJ.,zo) = inf / |Pnpd/r, 
P„(2o)=i J 


( 1 . 1 ) 


where the infimum is taken for all polynomials of degree at most n that take 
the value 1 at 2 ;. If Pk{z) = pk{p,z) denote the orthonormal polynomials 
with respect to p, i.e. 

PnPmdp — ^n,mj 




then \n can be expressed as 


k=0 

In other words, X~^{p,z) is the diagonal of the reproducing kernel 

n 

Kniz,w) = '^Pkiz)pk{w) 

k=0 

which makes it an essential tool in many problems. It is easy to see that, 
with this reproducing kernel, the inhmum in (|l.ll) is attained (only) for 

p / N _ Knjz, Zq) 

^ Kn{zo,Zoy 

see e.g. [201 Theorem 3.1.3]). 

The earliest asymptotics for Christoffel functions for measures on the 
unit circle or on [—1,1] go back to Szegd, see [211 Th. I’, p. 461]. He gave 
their behavior outside the support of the measure, and for some special 
cases he also found their behavior at points of (—1,1). The first result for a 
Jordan arc (a circular arc) was given in [4]. By now the asymptotic behavior 
of Christoffel functions for measures dehned on unions of Jordan curves and 
arcs T is well understood: under certain assumptions we have for points 
z G r that are different from the endpoints of the arc components of T 

lim Xn{p,zo) = , (1.2) 

n-^-oo OJ-pyZQ) 

where w is the density of p with respect to the arc measure sr on F, and 
cjr is the density of the equilibrium measure (see below) with respect to sp. 
For the most general results see [25] and |24| . 

What is left, is to decide the asymptotic behavior at the endpoints of 
the arc components. It turns out that this problem is closely related to the 
asymptotic behavior away from the endpoints, but for measures of the form 
dp{x) = \z — zoydsriz), a > —1, and the aim of this paper is to hnd these 
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asymptotic behaviors. When /r is of the just specified form, then we shall 
show (for the exact formulation see the next section), 


lim n^'^°‘Xn{lJ.,zo) = 


{'KUJr{zo)Y+^' 




a + l\ ^/ a + 3 


(1.3) 


when zq is not the endpoint of an arc component of F, while at an endpoint 
T 2a+2\ / \ r(Q; + l)r(a + 2) 

hm /r, 2 :o) = - 

n^co (7rM(r, 2;o))^"+^ 


where M(r, zo) is the limit of ^y\z — zo\u}r{z) as z —>• ^;o along T. 

This paper uses some basic notions and results from potential theory. 
See [2], [3], [16] or [T9| for all the concepts we use and for the basic theory. 
In particular, u-p will denote the equilibrium measure of the compact set F. 

Since the asymptotics reflect the support of the measure, in all such 
questions a global condition, stating that the measure is not too small on 
any part of F, is needed (for example, if // zero on any arc of F, then (11.311 
does not hold any more). This global condition is the regularity condition 
from m- we say that fi, with support F, belongs to the Reg class if 


sup 


||-Pn||r 


Ijn 

1 


as n —)• oo, where the supremum is taken for all polynomials of degree at 
most n, and where HT’nllr denotes the supremum norm on F. The condition 
says that in the n-th root sense the and L^(/r)-norms are almost the 

same. The assumption // £ Reg is a very weak condition - see [T9| for 
several reformulations as well as conditions on the measure // that implies 
// £ Reg. For example, if F consists of rectifiable Jordan curves and arcs 
with arc measure sr, then any measure d/r(z) = w{z)dsr{z) with w{z) > 0 
sr-almost everywhere is regular in this sense. 

Actually, it is not even needed that the support F of the measure /r be 
a system of Jordan curves or arcs, the main theorem below holds for any F 
that is a finite union of continua (connected compact sets). However, it is 
needed that zq lies on a smooth arc J of the outer boundary of F: the outer 
boundary of F is the boundary of the unbounded connected component 
of C \ F. It is known that the equilibrium measure up lives on the outer 
boundary, and if J is a smooth (say C^-smooth) arc on the outer boundary, 
then on J the equilibrium measure is absolutely continuous with respect 
to the arc measure sj on J: dup{z) = ujp{z)dsj{z). We call this wr the 
equilibrium density of F. 

The following theorem describes the asymptotics of the Christoffel func¬ 
tion at points that are different from the endpoints of the arc-components/parts 
of F, see Figured] for illustration. 
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Figure 1: A typical position where Theorem 11.11 can be applied 


Theorem 1.1 Let the support T of a measure /r G Reg consist of finitely 
many continua, and let zq lie on the outer boundary o/T. Assume that the 
intersection o/T with a neighborhood of zq is C'^-smooth arc J which contains 
Zq in its (one-dimensional) interior. Assume also that in this neighborhood 
dp.{z) = w{z)\z — zo\^dsj{z), where w is a strictly positive continuous func¬ 
tion and a > — 1. Then 


lim n^'^°‘Xn{n,zo) 

n^oo 


wjzo) / a+ l \ / a+ 3 \ 

(7rwr(zo))“+^ V 2 M 2 /■ 


(1.4) 


The second main theorem of this work is about the behavior of the 
Christoffel function at an endpoint, see Figure [2l If zq is an endpoint of a 
smooth arc J on the outer boundary of F, then at zq the equilibrium density 
has a 1/ ^y\z — zo\ behavior (see the proof of Theorem ll.2p , and we set 

M{T,zo):= lim ^\z - zo\uJriz). (1.5) 

z^zq, zGF 


Theorem 1.2 Let T and p, be as in Theorem M.ll but now assume that the 
intersection o/F with a neighborhood of zq is -smooth Jordan arc J with 
one endpoint at zq. Then 

+ + (i.e) 

These results can be used, in particular, if the measure is supported on 
a finite union of intervals on the real line, in which case the quantities wr(a^) 
and M{T,x) have a rather explicit form. Let F = U^^g[a 2 j, a 2 j+i] with 
disjoint [o 2 j, 02 j+i]. Then the equilibrium density of T is (see e.g. [23l (40), 
(41)] or [TOj Lemma 4.4.1]) 

n^o-i I _ \ .1 

urix) = 7^=°' X G Int(r), (1.7) 

\x-aj\ 
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Figure 2: A typical position where Theorem 11.21 can be applied 
where Xj are the solutions of the system of equations 



dt = 0, k = 0,... ko — 1. (1-8) 


It can be easily shown that these Aj’s are uniquely determined and there is 
one Xj on every contiguous interval (a 2 j+i, 02 ^+ 2 )■ Now if a is one of the 
endpoints of the intervals of T, say o = aj^, then 



(1.9) 


This whole work is dedicated to proving Theorem 11.11 and Theorem 11.21 
Actually, the latter will be a relatively easy consequence of the former one, 
so the main emphasis will be to prove Theorem 11.11 The main line of rea¬ 
soning will be the following. We start from some known facts for simple 
measures like \x\°‘dx on the real line, and get some elementary results for 
a model case on the unit circle via a transformation. Then we prove from 
these simple cases that Theorem 1 1.1 1 is true for lemniscate sets, i.e. level sets 
of polynomials. This part will use the polynomial mapping in question to 
transform the already known result to the given lemniscate. Then we prove 
the theorem for finite unions of Jordan curves. Recall that a Jordan curve 
is a homeomorhic image of a circle, while a Jordan arc is a homeomorhic 
image of a segment. From the point of view of finding the asymptotics 
of Christoffel functions there is a big difference between arcs and curves: 
Jordan curves have interior and can be exhausted by lemniscates, so the 
polynomial inverse image method of [23] is applicable for them, while for 
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Jordan arc that method cannot be applied. Still, the pure Jordan curve case 
is used when we go over to a F which may have arc components, namely it 
is used in the lower estimate. The upper estimate is the most difficult part 
of the proof; there Bessel functions enter the picture, and a discretization 
technique is developed where the discretization of the equilibrium measure 
of r is done using the zeros of appropriate Bessel functions combined with 
another discretization based on uniform distribution. Once the case of Jor¬ 
dan curves and arcs have been settled, the proof of Theorem 11.11 will easily 
follow by approximating a general F by a family of Jordan curves and arcs. 

2 Tools 

In what follows, || • \\k denotes the supremum norm on a set K, and sr the 
arc measure on F (when F consists of smooth Jordan arcs or curves). 

We shall rely on some basic notions and facts from logarithmic potential 
theory. See the books m. [ 3 ], m or m for detailed discussion. 

We shall often use the trivial fact that if /i, v are two Borel measures, 
then ^ < u implies A„(/i,a:) < Xn{v-,x) for all x. It is also trivial that 
Xn{fJ-,z) < /r(C) (just use the identically 1 polynomial as a test function in 
the definition of A,i(/.i, z)). 

Another frequently used fact is the following: if {uk} is a subsequence of 
the natural numbers such that nk+i/uk ^ 1 as /c —oo, then for any k > 0 


and 


liminf n^A„(/i, x) = liminf n^A„, (/i, x) 

n^oo k—>-oo 


limsupre''A,i(/.i, x) = limsupre^A,i^(;U, x). 

n—>-00 k—^oo 


( 2 . 1 ) 


( 2 . 2 ) 


In fact, since A,i(/i,x) is a monotone decreasing function of n, for Uk < n < 
Uk+i we have 


n 


'^k+l 


' f Tl \ ^ 

in, x) < n'^XnifJ., a:) < ( — ) <An^ in, x). 


and both claims follow because n/n^ and n/nk+i tend to 1 as n (or nk) 
tends to infinity. 

2.1 Fast decreasing polynomials 

The following lemmas on the existence of fast decreasing polynomials will 
be a constant tool in the proofs. 


Proposition 2.1 Let K be a compact subset on C, Ll the unbounded com¬ 
plement of C \ K and let zq G dfi. Suppose that there is a disk in 11 that 
eontains zq on its boundary. Then, for every 7 > 1, there are eonstants 


7 



c-y,C-y, and for every n G N polynomials Sn,zo,K of degree at most n such 
that Pn{zo) = 1, \Sn,zo,K{z)\ < 1 for all z ^ K and 

\Sn,zo,K{^)\ < z G K. (2.3) 

For details, see | 22 l Theorem 4.1]. This theorem will often be used in the 
following form. 

Corollary 2.2 With the assumptions of Proposition\2A\ for every 0 < r < 
1, there exists constants Cr-,Cr-,TQ > 0 and for every n G N a polynomial 
Sn,zo,K of degree o{n) such that Sn,zo,Kizo) = I, \Sn,zo,Kiz)\ < 1 for all 
z G K, and 

\Sn,zo,K{z)\ < jz - zo\ > n"^. (2.4) 

Proof. Let 0 < e be sufficiently small and select 7 > 1 so that 1 — e — r 7 > 
0. Lemma [Q tells us that there is a polynomial Pn with deg(Pn) < ^ 

such that 

|Fn(^)| < \z - zol > n-\ 

and this proves the claim with Sn,zo,K = Pn- 


There is a version of Lemma 12.11 where the decrease is not exponentially 
small, but starts much earlier than in Lemma EH 

Proposition 2.3 Let K he as in Proposition \2.1\. Then, for every (3 < 1, 
there are constants cp, Cjs > 0 , and for every re = 1 , 2 , ... polynomials Pn of 
degree at most re such that Pn{zo) = 1 , \Pn{z)\ < 1 for z G K and 

\Pn{z)\ < zGK. (2.5) 

See [25l Lemma 4]. 

It will be convenient to use these results when re > 1 is not necessarily 
integer (formally one has to take the integral part of re, but the estimates 
will hold with possibly smaller constants in the exponents). 

2.2 Polynomial inequalities 

We shall also need some inequalities for polynomials that are used several 
times in the rest of the paper. 

We start with a Bernstein-type inequality. 

Lemma 2.4 Let J be a closed Jordan arc and Ji a closed subarc of J 
not having common endpoint with J. Then, for every D > 0, there is a 
constant Co, such that 

\Pniz)\ < C^rellPnllj, dist( 2 :, Ji) < D/re, 

holds for any polynomials Pn of degree re = 1 , 2 ,.... 


See [22l Corollary 7.4], 

Next, we continue with a Markov-type inequality. 


Lemma 2.5 Let K be a continuum. IfQn is a polynomial of degree at most 
re = 1, 2 ,..then 


WQuWk < 


2csip{K) 


re^llQ 


nWK, 


( 2 . 6 ) 


where ca,p{K) denotes the logarithmic capacity of K. 
In particular, if K has diameter 1, then 


IIQnlli^ ^ 2ere^||Q„||ii-. 


(2.7) 


For (ESI) see M Theorem 1], and for the last statement note that if K has 
diameter 1, then its capacity is at least 1/4 ([TUI Theorem 5.3.2(a)]). 

Next, we prove a Remez-type inequality. 

Lemma 2.6 Let T be a Jordan curve or arc, and assume that for every 
re = 1, 2,..., Jn is a subarc of T, and J* is a subset of Jn such that 

sr{Jn \ Jn) = o{n-^)sr{Jn), 

where sr denotes the arc-length measure on T. Then, for any sequence 
{Qn} of polynomials of degree at most re = 1, 2,..., we have 

IIQn||j„ = (l + 0(l))||Qn||j- (2.8) 


Proof. It is clear from the property that sr{Jn) ~ diam(J„) uniformly 
in Jn (meaning that the ratio of the two sides lies in between two positive 
constants). 

Make a linear transformation z ^ Cz such that, after this transfor¬ 
mation, the arc Jn that we obtain from Jn has diameter 1. Under this 
transformation J* goes into a subset J* of for which 

SjMn\Jn)=o{n-^)sj^{Jn), (2.9) 

and Qn changes into a polynomial Qn of degree at most re. (12.811 is clearly 
equivalent to its ^version. 

Let M = 11 On 11 By Lemma [221 the absolute value of Qn i® bounded 

on Jn by 2ere^M, hence \i z,w & Jn, then 

\Qn{z) - Qn{w)\ < 2en^MsJ^ifzw), (2-10) 

where 'zw is the arc of Jn lying in between z and w. By the assumption 
(j2.9l) for every z £ Jn there is a w G J* with 

sjS'^) = oin~^)sjJJn) = o(re“0 
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because s j^{Jn) ~ diam(J„) = 1. Choose here z & Jn such that \Qn{z)\ = 
M. Since \Qn{w)\ < IIQnll f*, we get from (12.10^ 

M = \Qn{z)\ < \\Qn\\j.+o{l)M, 
and the claim follows. 


We shall frequently use the following, so called Nikolskii-type inequalities 
for power type weights. In it we write that a Jordan arc is C^^-smooth if 
there is a 0 > 0 such that the arc in question is C^+^-smooth. 

Lemma 2.7 Let J he a -smooth Jordan arc and let J* C J be a subarc 
of J which has no common endpoint with J. Let zq G J be a fixed point, 
and for a > —1 define the measure Va on J by duaiu) = \u — zo\^dsj{u). 
Then there is a constant C depending only on a, J and J* such that for any 
polynomials Pn of degree at most n = 1, 2,... we have 

\\Pn\\j* < (2.11) 

if a >0, and 

liPnIlj* <Cnl/'||Pn||L2(.„), (2.12) 

if —1 < a < 0. 

The same is true if di'a{u) = w{u)\u — zo\°‘dsj{u) with some strictly 
positive and continuous w. 

Proof. In view of [261 Lemmas 3.8 and Corollary 3.9] (use also that Va is 
a doubling weight in the sense of |26) ) uniformly m. z G J* we have for large 
n the relation 

K{l^a,z) ~ Oaih/niz)), 

where A ^ B means that the ratio lies in between two constants, and where 
li/n{z) is the arc of J consisting of those points of z that lie of distance 
< 1/n from z. If a > 0, then 

while for — 1 < a < 0 

Q 

' n 

with some positive constant c which depends only on a, J and J*. Therefore, 
we have for all z G J* the inequality 

(2.13) 
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if a > 0 and 


(2.14) 


^niyai ^ 

n 


when —1 < a < 0. 

For example, (12.131) means that if a > 0 and \Pn{z)\ 
then necessarily 


n 


l+a 


C 


-PnPdl/Q, > 1, 


1 for some z ^ J*, 


which is equivalent to saying that for any and z € J* 


n 


1+Q: 


C 


Pnl^dUa > \Pn{z)\^, 


and this is ()2.11l) . In a similar manner, (j2.12p follows from (|2.14p . 

It is clear that this proof does not change if Va is as in the last sentence 
of the lemma. 


Lemma 2.8 If a > —1, then there is a constant Ca such that for any 
polynomial Pn of degree at most n the inequality 

/ .1 xi/2 

\\Pn\\[-i,i] < ij |P„(a:)p|x|“dxJ (2.15) 

holds with a* = max(l,a). 

Proof. We follow the preceding proof, but now both J and J* agree with 
[-1,11- 

Let J = J* = [—1,1], zo = 0, An{z) = 1/n^ if 2 : G [—1, —1 + 1/n^] or 2 ; G 
[1 — 1/n^, 1], and set A„ (z) = Vl — z^ j nifzG [—l + l/n^,l — 1/n^]. If now 
l\ln{z) is the interval [2 —A„( 2 ), z+An{z)] intersected with [—1,1], then [26l 
Lemmas 3.8 and Corollary 3.9] state that for dva{x) = \x — zf\°^dx = \x\°^dx 
on [—1,1] we have 

K{t^a,z) ~ naill/n{z))- 

If a > 0, then 

^aih/ni^)) > cmin 

while for —1 < a < 0 

Q 

^a{_W / — 2’ 

with some positive constant c. Hence, 

. , . c 
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if —1 < a < 1, while 


c 




n 


1+a 


if a > 1, from which (I2.15P follows exactly as before. 


The Nikolskii inequalties can be combined with the following estimate 
to get an upper bound for the extremal polynomials that produce A„(/z, z). 

Lemma 2.9 With the assumptions of Theorem \l.l\ we have 

Xn{h-,zo) < 

with some constant C that is independent ofn. 

Proof. Just use the polynomials Sn,zo,r from Proposition 12.31 with /3 = 1/2 
and K = T. Let J > 0 be so small that in the J-neighborhood of zq we 
have the dfi{z) = w{z)\z — z^f^dsY^z) representation for fi. Outside this 
(5-neighborhood is smaller than exp(—c^(n(5)^/^), so 

j\Sn,zo,r\‘^dfi<C j ^ 

which proves the claim. 


We close this section with the classical Bernstein-Walsh lemma, see m 
p. 77]. 

Lemma 2.10 Let K <Z C be a compact subset of positive logarithmic capac¬ 
ity, let n be the unbounded component ofC\K, and gn the Green’s function 
of this unbounded component with pole at infinity. Then, for polynomials Pn 
of degree at most n = 1,2,..., we have for any 2 e C 

3 The model cases 

3.1 Measures on the real line 

Our first goal is to establish asymptotics for the Christoffel function at 0 
with respect to the measure dfi{x) = \x\°‘dx, x G [—1,1]. We do this by 
transforming some previously known results. 

In what follows, for simpler notations, if dfj,{x) = w{x)dx, then we shall 
write Xn{w{x),z) for Xn{fa,z). 

Proposition 3.1 For a > — 1 we have 

,0) = r(Q; J- l)r(Q: J-2). (3.1) 

[ 0 , 1 ] ) 


lim 
n—>-oo 
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Proof. It follows from [TOl (1.10)] or [9l Theorem 4.1] that 

lim ({1- x)“ , = 2“+^r(a + l)r(a + 2), (3.2) 

n^oo y [- 1 , 1 ] / 


from which the claim is an immediate consequence if we apply the linear 
transformation x —>■ (1 — x)/2. 


Proposition 3.2 For a > —1 we have 


where 


lim 

n^oo 




= Ln 


La := 2“+ir 


0 + 1 
2 


r 


o + 3\ 
2 ) 


(3.3) 


(3.4) 


Proof. Let us agree that in this proof, whenever we write Pn,Rn etc. for 
polynomials, then it is understood that the degree is at most n. 

We use that (for continuous /) 



(3.5) 


Assume first that P 2 n is extremal for \ 2 n ( , 0 I, i.e. P2n(0) = 1 


and 


Define 


[- 1 , 1 ] 


P2n{x)\'^\x\°‘dx = \2n ( \x 


'-1 


Rn{x) = 


[- 1 , 1 ] 

P2n{x) + P2n{-x) 


0 . 


Then -R„,(0) = 1, and Rn is a polynomial in hence Rn{x) = i?*(x^) with 
some polynomial -R*, for which i?*(0) = 1 and deg(i2*) < n. Now we have 



> 



Q —1 

2 dx 



With the Cauchy-Schwarz inequality and with the symmetry of the measure 
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|x|“(ix, we have 


j \Rn{x)\^\x\‘^dx <'^ j {\P 2 n{x)\^ + 2\P2n{x)\\P2n{-x)\ + \P 2 n{-x)f^\x\°‘dx 


1 




< 2 y \P2n{x)\ |x|“dx 


+ 


^l^y \P2n{x)\^\x\°‘dxj ^ 

J \P 2 n{x)\'^\x\°‘dx = \2n 


\l/2/ 1 y/2 

f J \P2n{-x)\'^\x\‘^dx I 




[- 1 - 1 ] 


,,0 . 


Combining these two estimates, we obtain 


An |x| 2 


[ 0 , 1 ] 


, 0 I ^ A2n ( I X 


[- 1 , 1 ] 


,,0 . 


On the other hand, if now P^ is extremal for A^, ( \x\ 2 


[ 0 , 1 ] 


, 0), then 


An ( I XI 2 


[ 0 , 1 ] 


»1 


0 = / |Pn(a;)r|ai| 2 hx = / \Pn{x^)\^\x\°'dx 


therefore we actually have the equality 


An \x\ 2 


[ 0 , 1 ] 


,0 = A2n |a^ 


J-1 

> A2nf|®r 


'“r 

[- 1 , 1 ] 


[- 1 , 1 ] 




(3.6) 


from which the claim follows via Proposition 13.11 (see also m and 
with Tik = 2k). 

Note also that this proves also that if Pn{x) is the n-degree extremal 


polynomials for the measure |x| 2 


tremal polynomial for the measure |x| 


[ 0 , 1 ]' 


then Pn{x'^) is the 2n-degree ex- 


[- 1 , 1 ] 


3.2 Measures on the unit circle 

Let fj,j be the measure on the unit circle T defined by diij{e'^^) 
where 




e2it ^ 

2^ 2 


t G [—vr, tt). 


We shall prove 


lim n“+Un(AiT,e*^/ 2 ) ^ 2 ^+^L^ 

n—¥oo 


Wf{e^^)dt, 

(3.7) 

(3.8) 
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where is from (HID, by transforming the measure nj into a measure 
/r[_i^i] supported on the interval [—1,1] and comparing the Christoffel func¬ 
tions for them. With the transformation e** —cost, we have 

/ TT 

/(cost)t(;T(e**)dt = 2 J f{x)w[_i^i-^{x)dx, 

where 

u;[_i^i](a:) = |x|". 

Set dfi[_i i]{x) = W[_i i-^{x)dx. 

Let Pn be the extremal polynomial for An(/r[_ip],0) and define 
5'n(e**) = Pn(cost) 


1 + e^ 


i(t—7r/2) 


[rin] 


Jn{t-TTl2) 


where 77 > 0 is arbitrary. This Sn is a polynomial of degree 2n + [r]n\ with 
= 1. For any fixed 0 < 5 < 1 


L 


7r/2+(5 


TT 12 — 5 


Sn{e )\ Wf{e'-^)dt < 


f7r/2+(5 


Pn (cos t) p tut (e** ) eft 

< J \Pn(x)\‘^W[_i^i]{x)dx 
— An(/^[—1,1], 0). 


(3.9) 


To estimate the corresponding integral over the intervals [—vr, 7r/2 — (5] and 
[7r/2 + (5, vr], notice that 


max 

tG[— 7 v, 7 r]\[ 7 r/ 2 — 5 , 7 r/ 2 ~\- 5 ] 


1 _|_ 


bin\ 


= 0{q^) (3.10) 


for some q <1. Prom Lemma 12.81 we obtain 

||Fn||[-i,i] < 

and so 

/ S ^ ^ 0(ni+l“l/2g-) = o(n-“-i). 

\J—TV ^ 7 r/ 2+(5 J 

Therefore, using this Sn as a test polynomial for 1 we con¬ 

clude 

Adeg(5n)(/^T,e*’^/^) < An(tx[_i,i],0) -ho(re“"“^), 
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and so 


limsup(2n+ L^nJ)"’^^A 2 n+L^nj (//t, <limsup (2+ L^nJ/n)“'^^n"+Un(Ai[-i,i], 0) 

n—^oo n—^oo 

= (2 + r?)“+iL„, 


where we used Proposition 13.21 for the measure /r[_i i]. 

Since rj > 0 was arbitrary, 

limsupn“''“^A„(/iT, < 2°~^^La (3-11) 

n—^oo 


follows (see also (12.21) '). 

Now to prove the matching lower estimate, let S 2 n(e**) be the extremal 
polynomial for Define 


P*{e^^) = S2n{e^^)\ 


1 _|_ e*(i-7r/2) 


2[rin\ 


^-{n+lrin\)i{t-TT/2) 


and Pri(cost) = P*(e**) + **). Note that Pn{cost) is a polynomial in 

cost of deg(Pri) < n + [r]n\ and Pn{0) = 1- With it we have 

-^deg(P„)(/^[-i,i],0) < j \Pnix)\‘^wi_i^i]{x)dx = ^ J |(cost)|^u;T(e**)dt. 

(3.12) 

First, we claim that for every fixed 0 < 5 < 1 

|P„(cost)p = |P*(e**)p + Oiq'^), t G [7r/2 - 5,t:/2 + 5], 

|P4cost)|2 = |P*(e-'')|2 + 0(g-), t e [-7r/2-<5,-7r/2 + 5], (3.13) 

|P„(cost)p = 0{q'^) otherwise. 


hold for some q < 1. Indeed, 


|P„(cost)F = 


P:(e*‘)+P:(e-‘)r < |P:(e*‘)r+2|P:(e*‘)||P:(e-*‘)| + |P:(e-*)l2 


If we apply Lemma [2.7l to two subarcs (say of length Svr/d) of T that contain 
the upper, resp. the lower half of the unit circle, then we obtain that 

ll^nllT < ll^snllT < ||^2^ ||l2(^^) < Cn^^+Hl/s. 

Therefore (use (j3.10M 

|P*(e**)| < t G [-7r,7r] \ [7r/2 - 5,7r/2 + 5]. 

These imply (13.131) . 
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Now we have 


/ TT 

\Pn{cOSt)\'^WT{e^^)dt = 

-TT 


+ 


/*7r/2+5 p—TT/2-\-S 

+ / 

Tvj2—5 J —TT j2—5 

(‘—'Kj2—5 /*7r/2—(5 /*7r 


+ / + / 

7r/2+(5 J'kI2-\-6 


Pn (cos i) p wt (e**) (it 

Pn (cos t) p wt (e**) dt. 


(j3.13p tells us that the last three terms are 0{q^). For the other two terms 
we have, again by (I3.13p . 


r7vj2-\-S r7rj2-\-d 

/ |Pn(cost)pu;T(e**)dt = / \P*{e'‘^)\'^WT{P^)dt + 0{q 

0 7^12—5 0 7^/2—S 


•TV/2-\-5 


rv j2—6 
/‘7r/2+(5 

< / \S2n{e^^)\^WT{P^)dt + 0{q^ 

J TV j2 — b 

< A2n(tXT,e'"/2^ + 0(g") 


and similarly, 

(*—7r/2+5 


/ —7r/2+d 

|Pn(cost)pr(;T(e*‘)(it < A 2 n(/^T,+ 0(g”). 

-TV j2—8 

Combining these estimates with (I3.12p . we can conclude 

Adeg(P„)(/^[-l,l]! 0 ) < A2n(tiT, + 0 {q^), 

therefore 

liminf deg(Pn)"’^^Adeg(p„)(/i[-i,i],0) < limmf(n+ (A 2 n(tiT, + 0{q^)) 

< liminf(l + [r]n\/nT^^l^{ 2 n)°‘^^X 2 n{^^T,e'^''^‘^)■ 
n—>-cx> 

From this, in view of Proposition 13.21 and p2.ll) . it follows that 
(1 + 77)“("+^)2 "+^Lq, < liminf An(//T,e*’"/^), 

n—>-cxD 

and upon letting r/ —)• 0 we obtain 

2 "+^Lq, < liminf An(^T, (3-14) 

This and (13.IIP verify p3.8P . 

Finally, let 


n—>-oo 


d/j.aie'’^) = |e** — i|“dt. 


Let us write |e** — i|“ in the form 


e** - z|" = i(;(e**)rcT(e**). 
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Then w is continuous in a neighborhood of and it has value 1 at 
Let r > 0 be arbitrary, and choose 0 < 5 < 1 in such a way that 

-- < < (1 + t), t G [ 7 r /2 — 5, 7 r /2 + (5]. 

1 + T 

If we now carry out the preceding arguments with this 5 and with this /Tq 
replacing everywhere //Tj then we get that in ()3.1ip the limsup is at most 
(1 + r) 2 “+^Lo,, while in (|3.14p the liminf is at least (1 + r)“^ 2 “+^LQ,. Since 
r > 0 can be arbitrarily chosen, this shows that 

lim = 2 “'''^Lq. (3.15) 

n—>-cx) 

This result will serve as our model case in the proof of Theorem 11.11 


4 Lemniscates 


In this section, we prove Theorem 11.11 for lemniscates. 

Let a = {z £ C : \Tj\f{z)\ = 1} be the level line of a polynomial Tjv, and 
assume that a has no self-intersections. Let deg{Tj\f) = N. 

The normal derivative of the Green’s function with pole at infinity of 
the outer domain to u at a point z £ a \s (see [251 (2-2)]) \T'^{z)\/N^ and 
since this normal derivative is 27r-times the equilibrium density of a (see 
[m 11.(4.1)] or [m Theorem IV.2.3] and [T71 (1.4.8)]), it follows that the 
equilibrium density on a has the form 


UJa{z) 


2'kN 


(4.1) 


If z G <T, then there are n points zi,..., G u with the property Tj\[{z) = 
Tn{zk), and for them (see |22l (2.12)]) 


p N . 

/ = N f{z)\T'j^{z)\dsaiz). (4.2) 

Ja i=l 


Furthermore, if 5 : T —C is arbitrary, then (see | 22 l (2.14)]) 


/ /*27r 

g{TN{z))\T'j^{z)\ds„{z) = N g{e^*)dt 

4o 


Let zq £ a be arbitrary, and dehne the measure 


(4.3) 


dga-{z) = \z — zo\^dsa{z), a > — 1 , 


(4.4) 


where denotes the arc measure on a. Without loss of generality we may 
assume that Ti^{zq) = Our plan is to compare the Chritoffel functions 
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for the measure with that for the measure which is supported on the 
unit circle and is defined via 

(4.5) 

and for which the asymptotics of the Christoffel function was calculated in 

(IMl . 

We shall prove that 


lim n“+^A„(/Xcr,2:o) 

n^oo 


{'KOJ^{zo)Y+^ 


(4.6) 


where is taken from (13.41) . 


4.1 The upper estimate 

Let ry > 0 be an arbitrary small number, and select a (5 > 0 such that for 
every 2 : with I 2 ; — zqI < we have 

I , I^Ar(^o)| < < (1 + ^)I^Ar(^o)| 

— l^iv(^o)lk - ^ol < |Tv( 2;) - rAr(2;o)| < (1 + v)\Tn{zo)\\z - zo\ 

(note that T^{zo) / 0 because a has no self-intersections). Let Qn be the 
extremal polynomial for XnifJ-a, where fia is from (14.5p . Define ii„ as 


Rn{z) = Qn{TN{z))Sn,zo,L{z), 

where Sn,zo,L is the fast decreasing polynomial given by Corollary 12.21 for 
the lemniscate set L enclosed by cr (and for any fixed 0 < r < 1 in Corollary 
12.2p . Note that Rn is a polynomial of degree nN + o{n) with Rn{zo) = 1. 
Since Sn,zo,L is fast decreasing, we have 

sup \Sn,zo,L{^)\= 

z&L\{z-.\z—zo\<&'\ 

for some q < 1 and tq > 0. The Nikolskii-type inequality in Lemma 12.71 
when applied to two subarcs of T which contain the upper resp. lower part 
of the unit circle, yields 

IIQnllT < 

Therefore, 

sup \Rn{z)\= 0{q'^"°^^). 

z&L\{z-.\z—zo\<S} 

It follows that 

f \Rn{z)\'^\z - Zordsaiz) = (4.8) 

J\z—zq\'>5 
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' |z-2o|<5 


Using dlZD, we have 

\Rn{z)\^\z - Zo\'^dSa{z) 

\Qn{TN{z))\^\z-Zords„{z) 

\Qn{TN{z))\^\TN{z) - TN{zoT\T’i,{z)\ds^{z) 


< 


< 


< 


J |z- 2 o |<5 

(1 +r/)l“l+i 


I^Ar(^o)|“'*'^ J\z-zo\<5 


(1 + „ha|+l ^njfj-a, 


|Q„(e*OP|e** 


This and (14.81) imply 




from which 

limsup deg(i 2 n)“’^^Adeg(i?„)(Ata,^o) 


< 


limsup(niV + o(n))“+^(l + ^ 

n^oo |r^(zo)r+-^ 


= (1 + .. 2^+^Lr 


\T'M\ 


CK+l 


where we used (13.151) . Since r/ > 0 is arbitrary, we obtain from (14.11) (use 
also (j 2 . 2 l) l 


limsupn"+^A„(/rf^,zo) < —7 


jV«+i 


r^(^o)| 


Q + l 


2 "+ 1 l„ = 


L. 


(7ra;CT(zo))"+^' 


(4.9) 


4.2 The lower estimate 

Let Pn be the extremal polynomial for Xn{fio-,zo), and let Sn,zo,L be the 
fast decreasing polynomial given by Corollary 12.21 for the closed lemniscate 
domain L enclosed by a (with some fixed r < 1 ). As before, we obtain from 
Lemma ITTl 

ll^’nlU = 0(n^^+l"l)/2). (4.10) 

Define Rn{z) = Pn{z)Sn,zo,L{z). Rn is a polynomial of degree n + o(n) and 
Rn{zo) = 1. Similarly to the previous section, we have 

sup \Rn{z)\ = 0(g""°^") (4.11) 

zeL\{ 2 :| 2 —zo|<5} 
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for some q < 1 and tq > 0. Since the expression J2k=i^n{zk), where 
{zi ,..., zn} = Tj^^{T]\[{z)), is symmetric in the variables Zk, it is a sum of 
their elementary symmetric polynomials. For more details on this idea, see 
[23]. Therefore, there is a polynomial Qn of degree at most deg{Rn)/N = 
(n + o{n))/N such that 


N 

Qn{TNiz)) ='^Rn{Zk), z G a. 
k=l 

We claim that for every z G a, we have 

N 

\QniTNiz))\‘^ < \RniZk)\^ + (4.12) 

k=l 

Indeed, since a has no self intersection, \zk — zi\ cannot be arbitrarily small 
for distinct k and 1. As a consequence, for every 2 : at most one Zj belongs 
to the set {z : \z — zq\ < <5} if <5 is sufficiently small, and hence, in the sum 

N N 

\Qn{TN{z))\^ < EE 

k=l1=1 


every term with k ^ I is (use (|4.10p and (|4.111) 1. 

Now let > 0 be so small that for every 2 ; with [ 2 —2;o| < S the inequalities 
in (14.71) hold. Then (|4.2I) and (|4.12l) give (note that Tn{z) = T^izk) for all 
k) 



,{Tn{zW\T^{z)\\Tn{z) - TN{zo)rds^{z) 

/ N 


< 0{q 


n^o /2 




\k=l 


t'^{z)\\Tn{z) - TN{zo)\'^ds^{z) 


= 0{q 


n^o/- 



\TN{Zk)-TN{zoT \TN{^)\dSa{z) 


= 0{q^^°^")+N / \Rn{z)\'^\TN{z)-TN{zoT\T^{z)\ds^{z) 

J <J 

< 0{q^^°'") + (1 + ?7)H+l|r;(2o)r+'iV [ \Pn{z)\^\z - zords^ 

J\z—zo\<5 

< + (1 +77)l“l+l|r;(2o)r+'iVA„(/r.,2o). 
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Since Qn{TN{zo)) = 1 + o(l), we get from ()4.,'fp 


\Q^{Tn{zW\Tj,{z)\\Tn{z) - TN{zoTds,{z) 

r2TT 


= N 


rZTT 

Jo 

>(l + o(l))iVAdeg(Q„)(/^a,e*"/2). 

Hence, the inequality 

(l + o(l))Adeg(Q„)(/ia,e-/2)<0((z"^°'^) + (l + r/)H+i|r;(zo)r+'A„(M.,^o) 
holds. Using that deg(Q„) < (n + o{n))/N, we can conclude 
lim inf deg(Qn)"+Udeg(Q„) (Ma, 

n—>-oo 

< (1 + 7?)l“l+^|T^(zo)|°+^hminf A„(/r<^,zo) 


N 


< 


(1 + ^)hl+i hminf n"+U„(/r., zq). 

n—>-oo 


Since ?? > 0 is arbitrary, we obtain again from (13.151) and (14.11) 

Lev 


(7ra;o-(zo))“+^ n-j-oo 
which, along with (|4.9p . proves 


< liminfn"+^An(Ai<T,2o), 


5 Smooth Jordan curves 

In this section, we verify Theorem II.II for a finite union T of smooth Jordan 
curves and for a measure 


dfi{z) = w(z)\z — zo\°^dsr{z), 


(5.1) 


where sr is the arc measure on T. Recall that a Jordan curve is a homeo- 
morhic image of a circle, while a Jordan arc is a homeomorhic image of a 
segment. From the point of view of our technique there is a big difference 
between arcs and curves, and in the present section we shall only work with 
Jordan curves. 

Let r be a finite system of Jordan curves lying exterior to each other 
and let fj, he a measure on F given in (|5.ip . where tc is a continuous and 
strictly positive function. Our goal is to prove that 


lim 

n—^oo 


wjzp) 

(7ra;r(^o))“+' ' 


(5.2) 
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Figure 3: The F and the leminscate a as in the second half of Proposition 

[Q 


with La from (13.4p . We shall deduce this from the result for lemniscates 
proved in the preceding section. 

We will approximate F with lemniscates using the following theorem, 
which was proven in [Ill- 

Proposition 5.1 LetT consist of finitely many Jordan curves lying exterior 
to each other, let P G F, and assume that in a neighborhood of P the curve 
F is -smooth. Then, for every e > 0, there is a lemniscate a = ap 
consisting of Jordan curves such that a touches F at P, a contains F in its 
interior except for the point P, every component of a contains in its interior 
precisely one component ofV, and 

iJr{P) < ^a{P) + £■ (5.3) 

Also, for every e > 0, there exists another lemniscate a = ap consisting 
of Jordan curves such that a touches F at P, a lies strictly inside F except 
for the point P, a has exactly one component lying inside every component 
ofT, and 

W(t(F’) < uJr{P) +£■ (5-4) 

Of course, the phrase “F lies inside cj” means that the components of F lie 
inside (i.e. in the interior of) the corresponding components of a. See Figure 

El 

Note that in (|5.3p the inequality uJcj{P) < ojy{P) is automatic since F 
lies inside a. In a similar way, in (|5.4I) the inequality ujy{P) < u}a{P) holds. 

Actually, in HH the conditions (|5.3I) and (|5.4p were formulated in terms 
of the normal derivatives of the Green’s function of the outer domains to F 
and a, but, in view of the fact that this latter is just 27r-times the equilibrium 
density (see [HI II.(4.1)] or [13 Theorem IV.2.3] and [13 (1-4.8)]), the two 
formulations are equivalent. 
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5.1 The lower estimate 

Let Pn be the extremal polynomial for Xn{fi,zo), and for some r > 0 let 
STn,zQ,K be the fast decreasing polynomial given by Proposition 12.11 with 
some 7 > 1 to be chosen below, where K is the set enclosed by P. Let 
a = azQ be a lemniscate inside P given by the second part of Proposition 
EH and suppose that a = {z ■. \Tf^{z)\ = 1 }, where T/v is a polynomial of 
degree N and T/v(zo) = Define Rn = PnSTn,zo,K- Note that Rn is a 

polynomial of degree at most (1 + T)n and = 1- These will be the 

test polynomials in estimating the Christoffel function for the measure 

d^i„{z) := \z - ZQ\°'dsa{z) 


on (7, but first we need two nontrivial facts for these polynomials. 

Lemma 5.2 Let ^ < /I < 1 be fixed. For z G P such that |2 —zo| < 2n~^, let 
z* G a be the point such that So-([ 2 : 0 )- 2 ^*]) = •sr([ 20 ) 2 :]) holds (actually, there 
are two such points, we choose as z* the one the lies closer to z). Then the 
mapping q{z) = z* is one to one, \q{z) — z\ < C\z — zfii^, ds^iz) = dsa{z*), 
\q'{zQ)\ = 1, and with the notation R '■= {z* G cr : \z* — zo\ < we have 


f \Rn{z*)\‘^\z-zo\‘^dsn{z*)- f \Rniz)\‘^\z-zo\‘^dsr{z) 
J Z*^In 


(5.5) 


On the left-hand side z = q ^( 2 *), so the integrand is a function of z*. 


Proof. First of all we mention that \q'{zQ)\ = 1, i.e. for every e > 0, if 
\z — zo\ is small enough, then 

l-e<MiL 72 i<l+£, 

\z - zo\ 

which is clear since q{z) = z + 0{\z — ^op). 

We proceed to prove (15.51) . 

f \Rn{z*)\‘^\z - zol’^dsaiz*) - f \Rniz)\^\z - Zol’^dsriz) 
Jz*ei„ Jz*ei„ 


< 


< 


f (^iRniz*)]"^ - \Rn{z)\^^\z - zo\°‘dsriz) 

J Z*^In 

f \Rniz*)\'^ - \Rn{z)\'^ I2; - Zol'^dsriz) := A 
J 2* G/tj, 
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Using the Holder and Minkowski inequalities we can continue as 


A < 


' Z* ^In 


I Z*eln 


\ 1/2 

\Rniz*) - Rn{z)\‘^\z - Zol^'dsriz)] X 


Rn{z*)\‘^\z - Zol'^dsriz)^ +( [ \Rn{z)\‘^\z - zol'^dsriz) 

/ \ J Z* Gin j 


(5 

1/2 


We estimate these integrals term by term. 

Pn is extremal for Xn{fJ-, zq) = (see Lemma [2^9]) . therefore we 

have (use also that \Rn{z)\ < \Pn{z)\) 



1/2 


\Rn{z)\‘^\z - zo\'^dsr{z) 


< Cn- 


Q + 1 
2 


(5.7) 


This takes care of the third term in (j5.6p . 

The estimates for the other two terms differ in the cases a > 0 and 

a < 0. 

Assume first that a > 0. Prom Lemma 12.71 we get for any closed subarc 

Ji C J 

\\Rn\\.h<Cn^^^^^/^\\Rn\\m^)<C, 


where we used Lemma ES and \Rn{z)\ < \Pn{z)\. Choose this Ji so that it 
contains zq in its interior. Next, note that if z* G then \z* — z\ < 
so dist( 2 ;*, z) < C/n. Therefore, an application of Lemma [23] yields for such 


Rn{q{z)) - Rn{z)\ 
\q{z) - zj 


< Cnlli^nllji, 


and so 

ldin(q(z)) - Rn{z)\ < Cn\q{z) - z| < (5.8) 

Since Sa{In) < Cn~^ is also true, we have (recall that z* = q{z)) 



\ 1/2 
Rn{z)\‘^\z-zo^dsTiz)] < 




This is the required estimate for the first term in (|5.6p . 
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Finally, for the middle term in ()5.6h . we have 

\ 1/2 

[ \Rniz*)\‘^\z - zol'^dsriz)] 


' Z*&In 


1/2 


< 


'Z*&In 


’ Z*Sl'n 


Rniz*)\^ - \Rnizr + \Rni^)\ 1^ " ZQ^clsriz) 


1/2 


Rniz*)\ - \Rniz)\ Iz - Zol^'dsriz) 


1/2 


+ 


Q + l 


' Z*£ln 


\Rniz)\‘^\z - zol'^dsriz) 


< ^1/2 + Cn-^ 


where A is the left-hand side in (|5.6|) . and where we also used (15.71) . 
Combining these we get 

A < (^1/2 + Cn-^) < CAV2 „i-^/3 ^ 

< Cmax{A^/^n^ 

Therefore A < or A < Cn 2~2 If /3 < 1 is sufficiently 

close to 1, then both imply A = 

Now assume that a < 0. From Lemma EZl we get for any closed subarc 
Ji C J 

Il^n||,7i < ll^nllji < < Cn-“/2, 

and we may assume that here Ji is such that it contains a neighborhood of 
zq. Therefore, in this case (15.8p takes the form 


Since 


we obtain 


\Rn{z*)-Rn{z)\<Cn^-^/^-^^. 

[ jz — ZQ\°‘dsY{z) < 

Jz*Gl'n. 


f \Rn{z*) - Rn{z)\‘^\z - Zol'^dsriz)] 

^Z*Gln J 

which is the required estimate for the hrst term in (15.61) . Finally, for the 
middle term in (15.6p we get, similarly as before, 


1/2 


Q + l 


C*G/n 


\Rn{z*)W - zo^dsTiz) < A^/'^ + Cn- 2 
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As previously, we can conclude from these 


A < + n-^), 

which implies 

If j3 is sufficiently close to 1, then this yields again A = as 

needed. 


In what follows we keep the notations from the preceding proof. In the 
following lemma let As{zo) = {z : jz — zo\ < <5} be the disk about zq of 
radius 6. 

Note that up to this point the 7 > 1 in Proposition 12.11 was arbitrary. 
Now we specify how close it should be to 1. 

Lemma 5.3 If0<(3<lis fixed and 7 > 1 is chosen so that fi'y < 1, then 
\\Rn\\K\A^_p^^{zo) = o(n"^"“). (5.9) 

Recall that here K is the set enclosed by P. 

Proof. Let us fix a <5 >0 such that the intersection P n As{zq) lies in 
the interior of the arc J from Theorem 11.11 By // G Reg and the trivial 
estimate ||Pn||L 2 (^) = 0 ( 1 ) we get that no matter how small e > 0 is given, 
for sufficiently large n we have ||Pn||r < (1 +£)"■• On the other hand, in 
view of Proposition 12.11 we have for z 0 A 5 (zo), z G K, 

\Srn,zM^)\ < 


SO 

l|Rn|k\Ai(^o) = o(n"^"") (5.10) 

certain holds. 

Consider now K n A 5 ( 2 ;o)- Its boundary consists of the arc P n A 5 (zo), 
which is part of J, and of an arc on the boundary of A 5 ( 2 ;o), where we 
already know the bound (|5.1Up . On the other hand, on P n A 5 ( 2 o) we have, 
by Lemma 12.71 

\Pniz)\ < < Cn^i+H)/fi 

Therefore, by the maximum principle, we obtain the same bound (for large 
n) on the whole set K n As{zo). As a consequence, for z G AT \ A„-/3 /2 

\Rn{z)\ < C'n(i+l“l)/2e-'=7rn(n-/3/2p ^ o{n-^-^) 
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if we choose 7 > 1 in Proposition 12.11 so that 13'y < 1. These prove (I5J|). 


After these preliminaries we return to the proof of Theorem 11.11 more 
precisely to the lower estimate of zq ). 

Let 7 > 0 be arbitrary, and let n be so large that 


1 


-w{zo) < w{z) < {l+r])w{zo), 


1 


\z-zo\ < \q{z)-ZQ\ < {l+vi)\z-zo\ 


1+7 1+7 

hold for all z* G /„, where is the set from Lemma 15.21 Then we obtain 
from Lemma 15.21 irecall that z* = q{z)) 


>Z*Glr, 


Rniz*)\^\z* - Zol'^ds^Z*) 


<(l + 7)l"l f \Rn{z*)\‘^\z - Zol'^dsriz) 

Jz*ein 

< (1 + [ \Rniz)\‘^\z - zol^dsriz) + o(n-(“+^)) 

Jz*eln 

< ' — [ \Rn{z)\‘^w{z)\z - Zol^^dsriz) + 

W[Zo) 

1 _l_ 77 + 1 

< --An(^, Zq) + 

w{zq) 

On the other hand, if we notice that if, for some z G cr, we have z* ^ In 
then necessarily I 2 : — zq\ > n~^/2, we obtain from Lemma 15.31 

f \Rn{z*)\‘^\z* - zo\°'dsa{z*) = 

J Z*ecr\In 

Combining these, it follows that 

^degiRn)if^a,Zo) < [ \Rniz*)\^\z* - Zo\°‘dSa{z*) 

J zGa 


< 


w{zo) 


Since deg(i?„) < (1 + T)n, we can conclude from ()4.6p (see also (El])) 
Lr. 

n—^oo 

n riihl+l 

< liminf(l + - - —r- zq ). 

n—>-oo ~ \ 


{ttuj„{zo))°‘+^ 


= liminf deg(i?„)“+^Adeg(K„)(7<T, 2 ^ 0 ) 


w { zq ) 


But here r, 7 > 0 are arbitrary, so we get 


liminf n“+U„( 7 ,Zo) > ^ L^. 

n^oo (7ra;o-(2:o))“+^ 
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As uJa(zQ) < oorizo) + £ (see (15.41) ). for e —>• 0 we finally arrive at the lower 
estimate 


liminf zo) > 

n^oo 


wjzo) . 
(7ro;r(^o))“+' ' 


(5.11) 


5.2 The upper estimate 

Let now a be the lemniscate given by the first part of Proposition 15.11 and 
let Pn be the polynomial extremal for Xn{fia, zq ). Define, with some r > 0, 


Pn{z^ — Pn{z') j 


where Srn,zo,L is the fast decreasing polynomial given by Proposition 12.11 
for the lemniscate set L enclosed by a (with some 7 > 1). Let 7 > 0 be 
arbitrary, 1 < /3 < 1 as before, and suppose that n is so large such that 


1 

l+r] 


w(zo) < w(z) < (1 + r/)w(zo) 


1 

1 + 7 ] 


1 


< \q'{z)\ < (1 + 7) 


rj+l 

z- zol < \q{z) - zo\ < (1 + 7])\z 


zo\ 


are true for al\\z — zq\ <n ^. Using Lemma 15.21 (more precisely its version 
when a encloses P) we have (recall again that z* = q{z)) 


f \Rn{z)\'^w{z)\z - Zo^clsriz) 

Jz*&In 

<{l + i])w{zo) f \Rn{z)\‘^\z - Zol'^dsriz) 
J Z* 


< 


< 


{l + r])w{zo) [ \Rn{z*)\^\z - zo\°‘dsa{z*) + o{n 

JZ* ^In 

(1 + 7?)l“l+iu;(zo) [ \Rn{z*)\^\z* - zords^iz*) + o(n-(“+i)) 

J Z*Gl„ 


< (1 + r/)l“l+iu;(zo)A„(/i^, zq) + o(n-("+i)). 


On the other hand. Lemma (5.31 ('but now applied for the system of curves 
a rather than for P) implies, as before, 

f |i?„(z)l^lz - zorii^(z) = o(n“(^+")). 

4r\A^_^^2Uo) 

Therefore, 

-^deg(i?„) (1^,20) < (l + r/)l“l+^u;(zo)A„(/r(^,zo) + o(n"("+^)), 
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which, similarly to the lower estimate, upon using (j4.6p and letting r, r] tend 
to zero, implies (see also (12.21)1 

limsupn"+^A„(//,zo) < 7— +1 La - 

n—>-oo 

Here, in view of (15.31) . tur(zo) < uJa{zo) + e, hence for e ^ 0 we conclude 


limsupn“^^An(/i, zo) < 

n^oo 


wjzo) 

(7ro;r(2o))“+i ' 


This and (15.111) prove (15.21) . 


6 Piecewise smooth Jordan curves 

The proof in the preceding section can be carried out without any diffi¬ 
culty if T consists of piecewise C^-smooth Jordan curves, provided that in 
a neighborhood of zq the T is C^-smooth. Indeed, in that case we can still 
talk about cur which is continuous where T is C^-smooth (see [241 Propo¬ 
sition 2.2]), and in the above proof the C^-smoothness was used only in a 
neighborhood of zq. Therefore, we have 

Proposition 6.1 LetF consist of finitely many disjoint, piecewise C'^-smooth 
Jordan curves. Let zq G T, and in a neighborhood 0 / zq G T let T be C^- 
smooth. Then, for the measure given in (E2P, we have 15.g|j . 

7 Arc components 

In this section, we prove Theorem 11.11 when T is a union of C^-smooth 
Jordan curves and arcs, and /i is the measure ()5.ip considered before. To be 
more specific, our aim is to verify 

Proposition 7.1 Let T consist of finitely many disjoint -smooth Jordan 
curves or arcs lying exterior to each other, and let zq G T. Assume that in 
a neighborhood of the point zq G T, the T is -smooth, and zq is not an 
endpoint of an arc component ofT. Then, for the measure m) where w is 
continuous and positive and a > — 1, we have P^ - 

We shall need some facts about Bessel functions, and a discretization 
of the equilibrium measure r'r that uses the zeros of an appropriate Bessel 
function. 
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7.1 Bessel functions and some local asymptotics 

We shall need the Bessel function of the first kind of order /3 > 0: 


CX> 


n=0 


(- 1 )”(z/ 2 ) 2 ’"+/^ 
n!r(n + /3 + 1) ’ 


as well as the functions (c.f. [T0] 1 

Jli{y/u)y/vJ'p{y/v) - Jfj{y/v)y/uJ'f^{y/u) 


u,v) = 


^/3 


2{u — v) 


u,v) = 


J/ 3 (w,u) 

Ul3l2yf}l2 • 


These latter ones are analytic, and we have 

\2n / ^ 


rfu 01 ^ V {-mv^/2y 

22/5+1^ „!r(n + /3 + l 


2n + (5 


n!r(n + /3 + l) \Ti/3 + l) r(/3 + 1) J ^ ¥+^Ti^TT) 


Let duoix) be the measure x^^dx with support [0,2], and Kn\x,t) its 
n-th reproducing kernel. It is known (see [9l (1.2)] or |2n[ (4.5.8), p. 72]) 
that 


K; 


( 0 ) 


X 

2n^ 


,0 


iLi°^( 0 , 0 ) 


= (1 + 0 ( 1 )) 


JI^(x 2 , 0 ) 
J^(0,0) ’ 


which holds uniformly for Jx] < d with any fixed A. We have already men¬ 
tioned (seee.g. [20l Theorem 3.1.3]) that the polynomial 7Ln°^(t, 0)/iL® (0, 0) 
is the extremal polynomial of degree n for A,i(t' 0 ) 0 ), so the preceding rela¬ 
tion gives an asymptotic formula for this extremal polynomial on intervals 
[0,d/n^]. If now duilx) = (2a:)^dx but with support [0,1], and Kn^ is 
the associated reproducing kernel, then 0 )/iLi^^ ( 0 , 0 ) is the extremal 

polynomial of degree n for A„(i^i, 0 ), and it is clear that this is just a scaled 
version of the extremal polynomial for z/q- 


i^i^^(t,0) ^ Ki^\2t,0) 
Ki^\0,0) K®( 0 , 0 )' 


Therefore, 


^( 1 ) 



iLW( 0 , 0 ) 


(1 + 0 ( 1 )) 


S}ix^0) 

J^(0,0) • 


Then the same is true for the measure 2 (x) = x^dx with support [ 0 , 1 ] 

(multiplying the measure by a constant does not change the extremal poly¬ 
nomial for the Christoffel functions). Next, consider the measure dv 2 {x) = 
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|x|"(ix with support [—1,1]. For this the extremal polynomial for \2n{t^2,0) 
is obtained from the extremal polynomial for 0 ) with = (a — 1)/2 by 

the substitution t ^ (see Section 13.11 in particular see the last paragraph 
in that section), i.e. 

{t\^) 

K^n\m ' 

Hence, for even integers n 

Kn'^ (^, 0 ) , , ,, , , , , ^ 

——-= (1 + o(l))J^ 2 +i(nt), |i| < —, 


where 


J*c,-i(^^, 0 ) J*c,+i {z) 
J^{z) := ^ - ^ 


(7.1) 


j*^(o,o) r^(o)' 

2 2 

Fix a positive number A. According to what we have just seen, for every 
even n 


j-A/n f-A/n ( (f o')' 

/ J^intfirdt < (1 + 0 ( 1 ))/ 

l-A/n 2 J-A/n\K^^\0,0)^ 

< (1 + o(1))A„(i/2,0), 




and so for any (even) n 
f-A 


/ A rAjn 

Ja+i(xY\x\°^dx = / Ja+i dt < (l+o(l))n"'*~^ An 0 ). 

-A 2 J-A/n 2 


Now if we let here n —)• oo and use the limit (13.31) for the right-hand side, 
then we obtain 

t-A 

/ Ja+i {x)‘^\x\°‘dx < Ln, 

J-A 2 

where Lq, is from ()3.4I) . Finally, since here A is arbitrary, we can conclude 


f 


Ja+i{x)‘^\x\'^dx < Lc 
2 


(7.2) 


7.2 The upper estimate in Theorem 11.11 for one arc 

The aim of this section is to construct polynomials that verify the upper 
estimate for the Christoffel functions in Theorem 11.11 (which is the same as 
in Proposition 17.ip when F consists of a single C^-smooth arc, and zq G T is 
not an endpoint of that arc. In the next subsection we shall indicate what 
to do when F has other components, as well. 
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Let i^r be the equilibrium measure of L and sr the arc measure on F. 
Since F is assumed to be C^-smooth, we have di'r{t) = u;r{t)dsr{t) with an 
wr that is continuous and positive away from the endpoints of F (see [Ml 
Proposition 2.2]). 

We may assume zq = 0 and that the real line is the tangent line to F 
at the origin. By assumption, the measure /r we are dealing with, is, in a 
neighborhood of the origin, of the form dfj.{z) = w{z)\z\'^ds^iz) with some 
positive and continuous function w{z). 

Since F is assumed to be C^-smooth, in a neighborhood of the origin 
we have the parametrization 7 (t) = 71 (t) + 7 i(i) = L where 72 is a 

twice continuously differentiable function such that 72 ( 0 ) = 72 ( 0 ) = 0. In 
particular, as t —)• 0 we have 72 (t) = O(t^), 72 (t) = 0(|t|). We shall also take 
an orientation of F, and we shall denote z ^ w if z £ T precedes tc G F in 
that orientation. We may assume that this orientation is such that around 
the origin we have z ^ w 4^ ^z < 

It is known that, when dealing with jzj" weights on the real line, Bessel 

functions of the first kind enter the picture, see jlOj . For a given 

large n we shall construct the necessary polynomials from two sources: from 

points on F that follow the pattern of the zeros of the Bessel function Ja+i , 

2 

and from points that are obtained from discretizing the equilibrium measure 
z^r- The first type will be used close to the origin (of distance < l/n”^ with 
some appropriate r), while the latter type will be on the rest of F. So first 
we shall discuss two different divisions of F. 


7.2.1 Division based on the zeros of Bessel functions 

Let /3 = — it is a positive number because a > — 1. It is known that 

JjS, and hence also jTg from (|7.ip . has infinitely many positive zeros which 
are all simple and tend to infinity, let them be < jp ^2 < ■ ■ ■■ We have 
the asymptotic formula (see [251 15.53]) 


j/ 3 ,k = {k + ^-^)'n- + o{l), fc-^ 00 . (7.3) 

The negative zeros of 77^ are —jp^ki and we have the product formula (see 
m 15.41,(3)]) 


Jdiz) 


( 1 - — 


Therefore, 

00 / 2 \ 

k=i V 

Let oo = 0, and for A: > 0 let G F be the unique point on F such that 
0 -< Ofc, and 

, (7.5) 
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where Oa^ denotes the arc of F that lies in between 0 and a^. For negative 
k let similarly be the unique number for which -< 0 and 

M'^) = ( 7 . 6 ) 

Tin 

The reader should be aware that these and the whole division depends 
on re, so a more precise notation would be for re^, but we shall suppress 
the additional parameter re. 

This definition makes sense only for finitely many k, say for —kQ<k< 
ki, and in view of (|7.3p we have ko + ki = re + 0(1), i.e. there are about 
re such Ofc on T. The arcs afcoT+T are subarcs of T that follow each other 
according to -<, for them 

rer(afc_iafc) = ^-, A; > 0, 

irn 

, -, 3i3,k+i ~ jf},k j „ 

rer(afc_iafc) = k < 0, 

irn 

and their union is almost the entire T: there can be two additional arcs 
around the two endpoints with equilibrium measure < ~ j/ 3 ,fco-i)/'^^ 

resp. < - jj3,ki-i)/Tm. 


7.2.2 Division based solely on the eqnilibrium measure 


In this subdivision of T we follow the procedure in |24l Section 2], Let 
bobi C T be the unique arc (at least for large re it is unique) with the 
property that 0 £ bobi, vribobi) = 1/re, and if is the center of mass of 
vr on bobi, then = 0. For A; > 1 let 6 ^ G F be the point on F (if 
there is one) with the property that 0 -< 6 ^ and vribibk) = {k — l)/re, and 
similarly, for negative k let 6 ^ 0 be the point on F with the property 

k'ribkbo) = |A;|/re. This definition makes sense only for finitely many k, say 
for —Iq < k <li. Thus, the arcs bkbk+i, —Iq < k < li — l, continuously fill Fq 
( in the orientation of Fq) and they all have equal, 1/re weight with respect 
to the equilibrium measure u-p. It may happen that, with this selection, 
around the endpoints of F there still remain two “little” arcs, say 
and 6q_i5q of rer-measure < 1/re. We include also these two small arcs 
into our subdivision of F, so in this case we divide F into re + 1 arcs bkbk+i, 
k /q? • • • ; ^1 1 . 

Let be the center of mass of the measure rep on the arc bkbk+i- 


^k 


i^r(bkbk+i) 


u di'r{u). 


(7.7) 


Since the length of h^b^j^i is at most C/re (note that wr has a positive lower 
bound), and F is C^-smooth, it follows that lies close to the arc bkbk+i'- 


dist{^k,bkbk+i) < 


C 


(7.8) 
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For the polynomials 


Bn{z) = 

fc^o 

it was proven in [241 Propositions 2.4, 2.5] (see also 
Bn{z)/Bn{0) are uniformly bounded on F: 


Bniz) 


Bn{0) 


<Co, 


zeT. 


(7.9) 

Section 2.2]) that 

(7.10) 


7.2.3 Construction of the polynomials 

Choose a 0 < r < 1 close to 1 (we shall see later how close it has to be to 
1), and for an n define N = Nn = We set 


Nn 

Cniz) =: 

k=—Nn, k^O 



n 

\k\>Nr, 



(7.11) 


Note that the precise range of k in the second factor is —Iq < k < —Nn as 
well as Nn < k < li — 1. Since the number of all is n + 1, this polynomial 
has degree n, and it takes the value 1 at the origin. This will be the main 
factor in the test polynomial that will give the appropriate upper bound 
for An(//, 0), the other factor will be the fast decreasing polynomial from 
Corollary 12.21 

We estimate on F the two factors 



separately. The estimates will be distinctly different for \z\ < n and for 
1^1 > n“'^. 


7.2.4 Bounds for An{z) for \z\ <n ^ 

In what follows, we shall use N instead of Nn (= [n^(^“'^)]). 
Consider first 


N 

■Kix) ■■= n 


k=l 


f _ (n7uur(0)^\ 

V ^Ik J 
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(recall that jp^k are the zeros of the Bessel function with /3 = (a + l)/2). 
In view of (17.4p we can write for real \x\ < n~'^ 


J(3(n7ra;r(0)x) 

A*^{x) 


n 

k>N 


f _ (n7ra;r(0)x)^ \ 

V J' 


Taking into account (17.31) . here 

n7ra;r(0)x 

ji3,k 



hence the product on the right is 

, —T \ 2 \ 


exp 


o E 


\k>N 


nn 


exp 


exp 



1 + 0 ( 1 ). 


Thus, our hrst estimate is 


.A*(x) = (1 + o(l))J)3(n7rwr(0)x), |x| < n (7.12) 

Next, we go to a z G T with \z\ < n~'^. Let x be the real part of z. 
Then, for < n“^, we have (recall that T is C^-smooth and the real line 
is tangent to T) 

z = X + O(x^) = X + 0(n“^’'). 

We shall need that the a^’s with |A;| < N are close to j^^i^/mrujriO). To 
prove that, consider the parametrization 'y{t) = t + i'y 2 {t) of T discussed in 
the beginning of this section. Then = 7 ( 3 ^ 0 ^) = + 0((5Rofc)^). By 

the dehnition of the points we have for 1 < A; < 

= uriOak) = [ Ur i'y {t)\dt. (7.13) 

Trre Jq 

Now we use that around the origin ur is C^-smooth (see [241 Proposition 
2.2]), hence on the right 

= a;r(0) + 0{\-f{t)\) = wr(0) + 0{\t\), 

while 

h'WI = v7+T(+ = ++TT = 1 + 07 ), 

hence 

5ft Cl 

(a;r(0) + 0(|t|)) dt = ur{0)^ak + 0((5Rafc))^, 


00,k _ f 
Trn Jo 
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which implies 




jl3,k 

7rna;r(0) 


+ O ((j/ 3 ,fc/n)^) . 


Therefore, since here jjs^k < Ck (see (17.31) 1. 


(7.14) 






n7ra;r(0) 


= (ak - ^dk) + - 


3p,k 


mruiriO) 


= O 


n) 


Let 


and suppose that 


p = (a + 9)(l -r), 


(7.15) 

(7.16) 


3l3,k 

n-KuriO) 


1 

- n^+p’ 


Then in the product 


for all -N <k<N. 


(7.17) 


•^n{z) _ TT- 1 — z/ak 

k=^N:k^o ^ " n7ra;r(0)x/j;3,fc 


N 


n 

k=-N, 


zjp^k/dk 
3p,k - n7rujr{0)x 


all denominators are > c/n^. As for the numerators, we have (recall (j7.15l) 
and |afe| > ckjn) 

\3i3,k/dk - n7ra;r(0)| = 0{k), 
and hence, because oi z = x + O(x^), 

ki/ 3 ,fc/afc — n.7rwr(0)x| = 0{\z\k + nx^) = 0{Nn~'^ + nn~'^'^) 

= 0(n3-4^ + n^- 2 ^) = 


Therefore, for the individual factors in An{z)/An{z) we have 


J/3,fc zjp^k/dk 
j/3,k - mTUJr{0)x 


l + O(n3-4^n0, 


from which we can conclude 

(1 + = exp (0(n=^-^"n^iV)) 

exp (0(n®-^"+^)) = exp = 1 + o(l) 

(15 + a)(l-r) <r. (7.18) 

Let r„ be the set of those z G T for which \z\ < n~'^ and (j7.17l) is true 
with x = ^z: 


Anjz) 

A*^{x) 


provided 


Ln = {-s G r : \z\ <n (I7.17P is true with x = ^z}. (7-19) 
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So far we have proved (see (I7.12p and the preceding estimates) 


An{z) = (1 + o{l))j 0 {mTUJr{O)x), z G r„. (7.20) 

r„ is a subset of the arc T n Ajj-r(O) of sr-measure at most 0{Nn~^~P) = 
0(n^“^’^“^), so its relative measure compared to the sp-measure of F n 
A„-t( 0) is at most 

Q(^2-3r-p+r) ^ Q^^2-2r-p) ^ o{N-^) 

because 

2 — 2t — p = —{a + 7)(1 — r) < —6(1 — r). 

Since An has degree 2A, from the Remez-type inequality in Lemma 12.61 we 
can conclude that 

sup{|.A„( 2 ;)| : z G F n A„-r(0)} < (1 + o(l)) sup{|^„(z)| : 2 : G F„}. 

But 77/3(t) is bounded on the whole real line (see [28l Section 7.21]), therefore 
we get from here and from (|7.20l) that there is a constant Ci such that 

\An{z)\ < Cl (7.21) 


for all 2 : G F, \z\ < n 


7.2.5 Bounds for Bn{z) for | 2 ;| < n ’’ 

Consider now, for 2 G F, < n“’’, the expression 


Bn{z) 


n 

\k\>N 


Cfc Z 


Recall that the smallest and largest indices here (they are and ki^) 
refer to a tbat were selected for the two additional intervals around the 
endpoints of F, hence for them we have 

—-— = 1 + Od^l) = 1 + 0 ( 1 ), k = — 1 . 

The rest of the indices refer to points ^k which were the center of mass on the 
arcs bkbk+i which have r'p-measure equal to 1/n. We are going to compare 
log I 2 — ^k\ with the average of log |2 — 1 | over the arc bkbk+i with respect to 
IT- 


log \z 


41 - n /_ 

Jb^bk+i 


log \z — t\dvY{t) 



Z — t 

z-Ck 


(ir'r(t). 


Here 


z — t 
z-ik 


1 + 


ik-t 

z-ik 
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and for t G bkhk+i, in the numerator \^k ~ < C/n. Since \z\ is small (at 

most n“’’) and compared to that |^fc| is large (> N/n = the 

second term on the right is small in absolute value, hence 


log 

Therefore, 


z — t 


z-ik 


5Rlog f 


1 + 






V z-ikj z-ik 


ik-t 


z-ik 


n / log 

z — t 

dvY{t) 

= n f o( 

Ck-t 

z-ik 

z-Ck 

Jb^bk^l 


Jbkbi^^l y 


dvY (t) 


= O 


{k/ny 


= o 


1 


because the integral 

S, 

>bkbk+-i Z — 


Z — Z — ^k 


bkbk+i 


(6 - t)di'r{t) 


vanishes by the choice of 
Hence, if 

ddn — [J 

-lo<k<-N, N<k<li-2 

then 


log \^k-z\-n log Iz - tldi 2 r(t) = o(l) + O X] ^ ^ 

\k\>N \|fc|>Ar / 

= o(l) + 0(iV-i) = o(l). 

If we set here z = 0, then we get 

log IT \^k\-n [ log\t\diyr{t) = o{l). 

|fc|>7V 

Therefore, 

log |H„(2:)| - n / log ^^ dur{t) = o(l). (7.22) 

Jh„ m 

As the whole integral 

/log \t\ ^^ dMt) 

is the value of the logarithmic potential of the equilibrium measures z/r 
in two points of T, and since this logarithmic potential is constant on T by 
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Frostman’s theorem m Theorem 3.3.4]), we obtain that this whole integral 
is 0, and so ()7.22p is equivalent to 

log |.B„(2:)| + n / log ^^ dur{t) = o(l). (7.23) 

Jr\Hr, m 

The set T \ Hn consists of the two small additional arcs 
and of the ’’big” arc b-^bN+i- The integral, more precisely, n-times the 
integral, on the left over the two small arcs is o(l) (recall that l^] is small, 
while on those arcs \t\ stays away from 0), and now we estimate the integral 
over the ’’big” arc, i.e. we consider 

= n f log'^-^-—^u;r{t)\-f'{t)\dt. (7.24) 

m Jm-N l7(i)l 

By the definition of the points bk we have bi = (1/2 + o(l))/n, 

N _ /-K&jv+i 

— = vr{bihN+i) = / {t)\dt 

^ Jmi 

and the same reasoning as in between (17.131) and (I7.14|) yields from this that 

N + - 

We get similarly 

— N + i 

li z = 7(C) = C + *72(0) then in the integrand in (|7.24l) we have 
‘^r(7(t)) = wr(0) + 0 {\t\), |7'(t)| = 1 + O(t0, 

log |7(t)| = log(|t| + O(t0) = log |t| + 0 {\t\), 
and (with 'y{t) = t + i'^ 2 {t)) 

log |7(0 - 7(i)l = log \/(C - + (72(0 - 72(^))^ 


J b-^bN+l 


where 

72(0 - 72(t) = 7^(0(C - 1 ) + 0((C - tf) = Odciic -t\) + one - 1)0- 

Therefore, since |C| < n~'^ and |C ~ < CN/n, we have 

log |7(0 - l{t)\ = log 1C - t| + 0{n-^^) + O {{N/nf) . 

By substituting all these into (|7.24l) we obtain that with 

Afi = {-N + l/2)/nwr(0), M 2 = (IV + l/2)/na;r(0), 
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the expression in (|7.24p is equal to 

rM2+0{{N/nf)) 


n / log 

J Mi+Oi{N/nf) 


C-t 


t 


rM2 


u}r{0)dt = n log 

JMi 


C-t 


uj-p{0)dt+O{{N/n)'^) 


plus an error term which is at most 
nO[{N/n)‘^) + nO {N/n) 0{n~‘^'^) + nO [{N/n)^) 


if (I7.18|) is satisfied. 

From what we have done so far, it follows, say, for 0 < C = < n 

that with M = N/nuiriO) 

pM 

log \Bniz)\ = o(l) - nwr(O) / (log |C - i| - log \t\)dt. 

J-M 


But 

cM 


/ M pM 

(log|C-t| -log|t|)dt = / log 
-M JM-C 


u + C 


du 



O(CVM) = 0 {en/N), 


hence 

log \Bn{z)\ = 0{nC^{n/N)) + o(l) = + o(l) 

= 0(n-l^-"l) + o(l) = o(l) 

for all z G r, \z\ < n~'^, provided r satisfies (j7.18h . Thus, in this case (i.e. 
when \z\ < n~'^) 

= l + o(l). (7.25) 

All the reasonings so far used the assumption (17.181) . which can be sat- 
ished by choosing r < 1 sufficiently close to 1. 


7.2.6 The square integral of Cn for \z\ < n 

Using ()7.20p . ()7.21D and ()7.25p we can now estimate the square integral of 
\Cn{z)\ against the measure ^ over the arc F n A„-r(0). Indeed, let 3?F„ be 
the projection of F„ (see (I7.19p ') onto the real line. Then 3f?F„ is an interval 
[—an,/3n] minus all the intervals 

jp,k _^ j(3,k 1 

n7rtiJr(0) ’ n7ra;r(0) n^+P 

Here On, I3n ~ , and the |A:| in these latter intervals is at most (see 

(I7.3P '). Therefore (use also that 

dfj,{z) = w{z)\z\°‘dsr{z) = (1 + o(l))rt;(0)|x|“dx 
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and that |7'(t)| = 1 + o(l) for t = 0{n '^)), 

[ \Cniz)\‘^dfi{z) = (1 + 0(1)) [ J^{mruJr{0)x)‘^w{0)\x\°'dx 

Jdir„ 


+ C 


I 


\x\°dx. 


In view of ()7.2I) the first integral is at most 

(l + o(l))rn(0) 

(n7ra;r(0))"+^ 

with the La defined in (I3.4|) . The second integral is at most 

k=l ^ ' 


because of (j7.16D . 

Combining these we can see that 


limsupn""''^ f \Cniz)\‘^d^i{z) < 

n^oo JrnA -t(0) 


w{0)Lc 


(7ra;r(0)) 


Q + 1 


(7.26) 


7.2.7 The estimate of Cn{z) for |z| > n ’’ 

Now let 2: G r, \z\ > n~'^, say 0 + z. In view of (|7.3I) and of the definition 
of the points ak and bk, 

uriOak) = - + 0{n~^), uriObk) = - + 0{n~^), k > 0. 
n n 

A similar relation holds for negative k. These imply 

ak-bk = 0{n~^), (7.27) 

and so there is an integer Tq (independent of re) such that 


bk-To -<ak< bk+To for k > Tq 

and similarly 

h-k-To + a-k + b-k+To for k > Tq. 

Since T is C^-smooth, this implies the existence of a 5 > 0 and a T (actually, 
T = Tq + I will suffice) such that if |z| <5 (and z satisfying also the previous 
condition that z G T, 0 + z) 

(i) then z + ak, T < k < N imply 

\z — ak\ < \z — Ca:+t|, \ak\ > 
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(ii) then ak < z, T < k < N imply 

jz — Ofcl < \z — lofcl > I'Cfc-Tl, 

(iii) then ak -< z, —N < k < —T imply 

\z - ak\ < \z - ^k-T\, |«fc| > |Cfc+T|- 


For this particular zGr,0-<z,5>|z|> n~'^ we shall compare the value 
|Cn(z)| with the value of a modihed polynomial \Cn{z)\, which we obtain as 
follows. Remove all factors |1 — z/ak\ from \Cn{z)\ with \k\ < T, then 

(i’) for z ^ Ofc, T < k < N replace the factor |1 — z/ak\ = |afc — -zl/lafcl hr 
\Cniz)\ by \z - Ck+T\/\Ck-T\ 

(ii’) for ak ^ z, T < k < N replace the factor \ak — -^l/lafcl in \Cniz)\ by 
k - ^k-T\/\^k-T\, 

(iii’) for Qk -< z, —N < k < —T replace the factor \ak — -2|/|afc| in \Cn{z)\ 
by \z - ^k-T\/\ik+T\- 

Removing a factor |1 — z/ak\ from \Cn{z)\ decreases the absolute value 
of the polynomial by at most a factor XjC^n with some C 2 because each 
Ofc, A; / 0 is > c/n in absolute value. On the other hand, the replacements 
in (i’)-(iii’) increase the absolute value of the polynomial at z because of 
(i)-(iii). Hence, 

\Cn{z)\ < C^n^^\Cn{z)\. 

But \Cn{z)\ has the form 


\Cn{z)\ 


n*k- 6 i 


where all \z — ^k\, —lo < k < li, appear in except at most 5T of them (at 
most 2T around z, at most 2T around 0, and at most T around oat), and 
where some \z — may appear twice, but at most T of them (all around 
Oat). Therefore, if z also satisfy jz — for all —Iq < k < li — 1, then 


h-i 


< n 1 (diamr)^(n^)^'^ 

\k=—lo,k^O j 

A similar reasoning gives that in ]^** all \^k\ appear except perhaps 2T 
of them, and none of the £^k is repeated twice, therefore. 


n"i&i 




> 


n 161 

I /o,/c7^0 


1 


(diam(r))2^' 
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Therefore, 


\Cn{z)\ < C3rP'^\Cn{z)\ < JJ ^TT^' 

k=-lo,k^O 

But the product on the right is \Bn{z)/Bn{0)\ with Bn from ()7.9p . for which 
the bound (|7.1UI) is true. Hence, we can conclude 

\Cn{z)\ < (7.28) 

under the condition that \z — > n~^ is true for all k. 

This reasoning was made for \z\ < 6 and 0 -< z. The case \z\ < 6, z ^ 0 
is completely similar. On the other hand, if z € T, \z\ > 5, then we use for 
all -iV < /c < iV, A: / 0 

k - Ofcl = \z-^k + 0{n~^)\ = jz- 41(1 + 0(n~^))l 

because all a^, 4 with |A;| < N lie of distance < CNjn = = 

o(l) from the origin. Thus, if we replace every jz — ak\ in Cn{z), \k\ < N, 
k 0 hy \z — ^k\j then under this replacement, the value of the polynomial 
can decrease by at most a factor (1 + 0(n“^))"' = 0(1). We also want to 
replace each \ak\ by |4h 

N T N N 

lofel > Iflfcl |4 -t| > cn“^ 141 

k=l k=l k=T-\-l k=l 


because |afc| > |4 -t| for A; > T and |ofc| > c/n for all A: / 0. A similar 
estimate holds for negative values, by which we get 


\Cniz)\<Cn^^ll 

k^O 


z - 41 

ICfcl 


< OOore^^, 


since the last product is just \Bn{z)/Bn{0)\ for which we can use (17.101) . 
Therefore, for such values (i.e. for \z\ > S) we can again claim the bound 

dZ^SD. 

All in all, we have proven (I7.28p on T with the exception of those z G T 
for which there is a 4 such that |z — 41 < n~'^. This exceptional set has 
arc measure at most Cn ■ n~^ = Cn~^, so an application of Lemma 12 . 61 gives 
that the bound 

\Cn{z)\ < (7.29) 

holds throughout the whole T. 
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7.2.8 Completion of the upper estimate for a single arc 


Let 




where Cn{z) is as in ()7.1ip and 5,1^0,r(2:) is the fast decreasing polynomial 
from Corollary 12.21 for K = T and for the point 0. This Pn has degree 
(1 + o(l))n, its value is 1 at the origin, and |T’n(-s)| < \Cn{z)\ on T. On 
r n A„-t(0) we just use \Pn{z)\ < \Cn{z)\, while for \z\ > n~'^ we get from 
(j7.29D and (12.4p that 


\Pniz)\ < 20*571^^^Ct-C = o{n " ^). 

As a consequence, 

limsupn"+^ [ |P„(z)pd/r(z) < limsupn“+^ [ \Cniz)\'^diJ.{z). 

n—>-co Jr n—>00 ./rnA^_r( 0 ) 


Since the integral on the left is an upper bound for A(ieg(p„)(tt, 0), we obtain 
from (I7.26P (use also (j2.2p j 


limsupn“'''^A„(/i, 0) < 

n—)-oo 


w{0)La 
(7ra;r(0))"+i ’ 


This proves one half of Proposition 17.11 for a single arc. 


(7.30) 


7.3 The upper estimate for several components 

In this section, we sketch what to do with the preceding reasoning when 
T may have several components which can be Jordan curves or arcs. 
Let To,... jTfcp be the different components of T, and assume that zq = 0 
belongs to Tq. Assume, that this Tq is a Jordan arc, actually this is the 
only case we shall use below i.e. when zq belongs to an arc component of T, 
and the other components are Jordan curves. On this Tq we introduce the 
points ak as before, there is no need for them on the other components of T 
(they played a role above only in a small neighborhood of 0). 

On the other hand, on the whole T we introduce the analogue of the 
points by repeating the process in [JU Section 2]. The outline is as 
follows. Let 6j = consider the integers rij = [Oju], and divide each 

Tj, j > 0 , into rij arcs each having equal weight 6j/nj with respect to T'r, 
i.e. t'r(L^) = djl'^j- On Tq introduce the points as before, and the arcs 
= bkbk+i- Let be the center of mass of the arc with respect to ur, 
and consider the polynomial 

Rn{z) = l[{z-^i) (7.31) 

j,k 
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of degree at most n + 0(1). Now the polynomial 

Bn{z) = Rn{z)/{z - O (7.32) 

will have similar properties as the Bn before, namely (17.10^ is true, see [241 
Section 2], in particular see [Ml Propositions 2.4 and 2.5]. 

The rest of the argument in the preceding subsections does not change: 
the components of T;, I > 1 are far from zq = 0, the corresponding estimates 
in the above proof on them is the same as the estimate in the preceding 
subsections for \z\ > 6. 


7.4 The lower estimate in Theorem 11.11 on Jordan arcs 

In this section, the assumption is the same as before, namely that T consists 
of finitely many C^-smooth Jordan arcs and curves, zq belongs to an arc 
component of T and fi is given by (|5.ip . Our aim is to prove the necessary 
lower bound for An(/r, zq)- 

In this proof we shall closely follow the proof of |24l Theorem 3.1]. 

Let n be the unbounded component of C \ T, and denote by gn the 
Green’s function of 11 with respect to the pole at infinity (see e.g. [m Sec. 
4.4]). 

Assume to the contrary, that there are infinitely many n and for each n 
a polynomial Qn of degree at most n such that Qn{zo) = 1 and 

(T.33) 

with some 4 > 0, where La was defined in (13.4h . The strategy will be to show 
that this implies the following: there exists another system T* of piecewise 
-smooth Jordan curves and an extension of w to T* such that T C T*, in 
a neighborhood Aq of zq we have T n Aq = T* n Aq, and for the measure 

dfi*{z) = w{z)\z — zol^^dsr^iz) (7.34) 

with support T* 

liminfn^+°An(/r*,2:o) < • (7-35) 

n^oo (7rWr*(Zo))“+^ 

Since this contradicts Proposition 16.11 (I7.33|) cannot be true. 

Let Pq, ..., TfcQ be the connected components of T, Tq being the one that 
contains zq. We shall only consider the case when Tq is a Jordan arc, when 
Pq is a Jordan curve, the argument is similar, see [Ml Section 3]. 

Let n± be the two normals to Pq at 2;0) and let A± = dgfi{zo)/dn± be 
the corresponding normal derivatives of the Green’s function of 11 with pole 
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at infinity. Assume, for example, that A_|_ > A_. Note that A_ > 0, see [241 
Section 3]. 

Let e > 0 be an arbitrarily small number. For each Fj that is a Jordan 
arc, connect the two endpoints of Fj by another C^-smooth Jordan arc F'- 
that lies close to Fj so that we obtain a system F' of /cq + 1 Jordan curves 
with boundary (UjFj) |J(UjF'). Assume also that Fq is selected so that n_|_ 
is the outer normal to F' at zq. This can be done in such a way that (with 
Q' being the unbounded component of C \ F') 


dgn'jzo) 1 dgnjzo) 
9n+ 1 + e 9n_|_ ’ 


(7.36) 


see [Ml Section 3]. 

Select a small disk Aq about zq for which F' n Aq = F n Aq, and, as 
in [Ml Section 3], choose a lemniscate a = {z : |Tjv(z)| = 1} (with some 
polynomial TV of degree equal to some integer N) such that F' lies in the 
interior of a (i.e. in the union of the bounded components of C \ cr) except 
for the point zq, where a and F' touch each other, and (with flo- being the 
unbounded component of C \ a) 


dgn^jzo) ^ 1 dgnjzo) 

9n+ 1 + e (9n+ 


(7.37) 


For the Green’s function associated with the outer domain Uq- of a we have 
(see [Ml (3.6)]) 


dgnAzp) ^ \T'f^{zo)\ 
dn+ N 


(7.38) 


For a small a let aa be the lemniscate (Tq := {z : \T]\f{z)\ = e 

According to [Ml Section 3], if A C Aq is a hxed small neighborhood of zq, 


47 















then for sufficiently small a this (Ja contains F' \ A in its interior, while in 
A the two curves Fq and a a intersect in two points U, V, see Figure [H The 
points U and V are connected by the arc UVyq on Fq and also by the arc 
UVaa on a a (there are actually two such arcs on cJa, we take the one lying 
in A). For each Fj which is a Jordan arc connect the two endpoints of Fj 
by a new Jordan arc Ft going inside F' so that on F* we have 

gn{z) <a\ zGF*. (7.39) 

In addition, Fg can be selected so that in A it intersects Uq in two points 
U*,V*. Then U*V*a^ is a subarc of UV„^. Let now F* be the union of F, 
of the F*’s with j > 0, of Fg \ t/*I/*r* and of U*V*a^. This F* is the union 
of fco + 1 piecewise smooth Jordan curves. 

Now let 

m=[{l + eyA_n/NA+] (7.40) 

and consider the polynomial 

Pn+mN{z) = Qn{z)TN{zr (7.41) 

on F* with the Qn from (I7.33p . and let the measure n* be the measure in 
(j7.34D on F*. For the polynomials Pn+wm h was shown in [211 (3.18)-(3.20)] 
that on F* \ {TTVro U , 

\Pn+mN{z)\ < (7 42 ) 

onUVro 

\Pn+mN{z)\ < \Qn{z)\, (7.43) 

and on U*V*aa 

\Pn+mNiz)\ < exp (n(l + £)'^aA_/\T']^{zo)\ - ma) , (7.44) 

where Ci is a fixed constant. Here, by the choice of m in (|7.40p . and by 
(|7.37li and (I7.38p . the last exponent is at most 

/(l + e)®aH_ (l + e)®aH_\ (l + e)®aH_ 

V ^ NA^ ■ 

Fix a so small that we have — aA-/NA^ < 0. Then the inequality 
|T/v(z)| < 1 for 2: G F* and the estimates (|7.42I) - (I7.44I) yield 

Xn+mN{f^*,Zo) < J \Pn+mN\‘^dn* < J dn + . 

Hence, by (I7.33p . for inhnitely many n 

(„ + (1 - «) + »( 1 )' 

(7.45) 
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Since (see [SI (3.22)~(3.23)]) 


<^r{zo) = TT 


1 / dgn dgu 


+ 


27r \ 9n_i_ 9n_ 




and 


1 dgn*izo) 1 dgn{zo) _ 1 

^r*(-2^n) —-:::- ^-::::- — — ^-\ 

27r 9n4. 27r 9n_|_ 27r 


(7.46) 

(7.47) 


we have 

'n + mN\ 


n 


(i-«) 




(7ra;r(5;o))“+^ 

w(zo)L, 


a+l 


(1-5) 


(7ra;r*(2o))“+^ V^+ + ^- 




a+l 




2/ (7ra;r*(-Zo))"’''^ 

if e is sufficiently small. Therefore, (I7.45P implies 


limint(„ + =o) < (l - ^ ■ 

which is impossible according to Proposition 16.11 This contradiction shows 
that (|7.33l) is impossible, and so 


follows. 


liminf nA„(/x, zo) > 

n^oo 


w{zo)La 

(7ra;r(^o))"+^ ’ 


(7.48) 


(17.301) and (17.481) prove Proposition 17.11 

8 Proof of Theorem 11.11 

Let r be as in the theorem, and let T = U^^qP^ be the connected components 
of P. Let 11 be the unbounded connected component of C\r. We may assume 
that zq G Pq. By assumption, zq lies on a C^-smooth arc J of (911, and there 
is an open set O such that J = P H O. Let A5(^;o) be a small disk about zq 
that lies in O together with its closure. Now there are two possibilities for 
J: 

Type I only one side of J belongs to H, 

Type II both sides of J belong to H. 
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Type I occurs when T® \ A5(zo) is connected, and Type II occurs when this 
is not the case. 

Let gn{z) be the Green’s function for the domain Vl with pole at infinity, 
which we assume to be defined to be 0 outside Vl. The proof of Theorem ll.il 
is based on the following propositions. 

Proposition 8.1 If J is of Type I, then there is a sequence {T^} of sets 
consisting of disjoint C^-smooth Jordan curves k = 0,1,... ,/co, such 
that with some positive sequence {em} tending to 0 we have 

(i) zq G TJ^ and T n As{zo) = T^ n As{zo), 

(ii) ^ 

T——wr(zo) < < (1 + em)wr(zo), 

J- + 

(iii) 

maxgniz) < Em, maxgn^{z) < Em- 

XGLm XGF 

(iv) The Hausdorff distance of the outer boundaries of T and Tm tends to 
0 as m ^ oo. 

Property (i) means that in the (5-neighborhood of zq the sets Tm and T 
coincide. 

Proposition 8.2 If J is of Type II, then there is a sequence {Tm} of sets 
consisting ofT^ := J Ci As{zo) and of disjoint Jordan curves k = 
1,... , /cq + 2, lying in the component o/Tj^ such that (i)-(iv) above hold. 

Pending the proofs of these propositions now we complete the proof of 
Theorem 11.11 It follows from (i) and (iv) that there is a compact set K 
that contains T and all Tm such that zq lies on the outer boundary of K, 
and in a neighborhood of zq the outer boundary of K and P are the same. 
In particular, there is a circle in the unbounded component oi C \ K that 
contains zq on its boundary, so we can apply Proposition 12.II to K and zq. 

Fix an m and consider the set Tm either from Proposition 18.11 if J is of 
Type I or from Proposition 18.21 if J is of Type II. We dehne the measure 

gm{z) = w{z)\z - zol'^dsr^^iz), 

where u; is a continuous and positive extension of the original w (that existed 
on J) from J H A5(zo) to Tm- It follows from the Erdos-Turan criterion [191 
Theorem 4.1.1] that this gm is in the Reg class. 

For positive integer n let be the extremal polynomial of degree n for 
Xn{g,z). Consider the polynomial S^nemlc 25 '^,zo,K{z) from Proposition 12.11 
with 7 = 2 (here C2 is the constant from Proposition 12.11) . and form the 
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product Quiz) = Pn{z)S 4 nem/c 2 S^,zo,Ki^)- This is a polynomial of degree at 
most n(l + 4:£m!c2S‘^) which takes the value 1 at zq. On H A 5 (zo) = 
r n A 5 (zo) we have 


' r77inA5(2:o) 


.IQ, 


.(Ql" < [ 

Jr 


rnA5(5:o) 


\Pn{z)\‘^ < XnilJ.,Zo). 


( 8 . 1 ) 


Since the L^(/r)-norms of {Pn} are bounded, it follows from n £ Reg 
that there is an rim such that if n > rim, then we have 


l^nllr < 


Then, by the Bernstein-Walsh lemma fLemma l2.ini) and by property (iii), 
we have for all z G F^ 

\Pn{z)\ < 


Therefore, (|2.3p and F^, C K imply that for z G F^ \ A5(^;o) 
|Qn(^;)| < exp(2nem, - [4nem/c2(5^]c2(5^) < 


if n is sufficiently large. As a consequence, the integral of Qn over Fm\A 5 ( 2 :o) 
is exponentially small in n, which, combined with (|8.ip . yields that 

^n{l+4:em/c26^)il-‘"m, Zq) < XnifJ', Zq) + o{n ^ ^). 

Multiply here both sides by n(l -|- Aem/c 2 S'^)^~^°‘ and let n tend to infinity. 
If we apply that Theorem 11.11 has already been proven for F^ and for the 
measure Hm (see Proposition 17.11) . we can conclude (use also (12.11) 1 


liminf n"’''^A„(/r, zo) > 

n—>-cx) 


1 _ wjzo) 

1 -k 4em/c2(52 (vrwr^ (^ 0 ))"+^ 


(with the La from (I3.4p l. and an application of property (ii) yields then 


liminf n"’''^A„(//, zo) > 7 - ,, , ,, ^- ^7 —“w-xttgtTo- 

n^oo (1 + e^)l“l+i(l -k 4em/c252) (7rwr(^:o))"+^ 

If we reverse the roles of F and F^, in this argument, then we can similarly 
conclude 

limsupn“+^A„(/x,^;o) < (1 + + 4£^/c2(5^) , 

n—>-oo {'^<-^r[ZQ))‘^ 


Finally, in these last two relations we can let m —>■ 00 , and as 0, the 

limit in Theorem o follows. 

Thus, it is left to prove Propositions 18.11 and 18.21 
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Figure 5: The arc J and the selection of F^ 

8.1 Proof of Proposition ISTTl 

Both in this proof and in the next one we shall use that if Pi C P 2 (say 
both with a smooth boundary), and 2 ; £ Pi, then gnAz) < gn 2 {z)- As a 
consequence, if 2 ; is a common point on their boundaries, then the normal 
derivative of g^^ (the normal pointing inside Pi) is not larger than the 
same normal derivative of go,^ (because both Green’s functions vanish on the 
common boundary). Since, modulo a factor l/27r, the normal derivatives 
yield the equilibrium densities (see formulae (I8.2h and (|8.4H below), it also 
follows that if Fi C F 2 , then on (an arc of) Fi the equilibrium density UJT 2 
is at most as least as large as the equilibrium density tan (see also m 
Theorem IV.1.6(e)], according to which the equilibrium measure for Fi is 
the balayage onto Fi of the equilibrium measure of F 2 ). 

Choose, for each m and 1 < k < ko, C^-smooth Jordan curves F^ so 
that they lie in P and are of distance < llm from F^. For A; = 0 the choice is 
somewhat different: let F()j be a Jordan curve that lies in P, its distance 
from F*^ is smaller than 1/m, J n As{zo) C F((j, and F((j \ J lies in P, see 
Figure [5l We can select these so that the outer domains Pm of Fm are 
increasing with m. From this construction it is clear that (i) and (iv) are 
true. Now C\Pm (the so called polynomial convex hull of Fm) is a shrinking 
sequence of compact sets, the intersection of which is C \ P. Therefore, if 
cap denotes the logarithmic capacity, then we have (see |16[ Theorem 5.1.3]) 
cap(C \ Pm) —>• cap(C \ P). Since {gn{z) — gn^ ( 2 ;)} is a decreasing sequence 
of positive harmonic functions (more precisely, this sequence starting from 
the term gniz) —gni (z) is harmonic in P;) for which (see |16l Theorem 5.2.1]) 

gn{oo) - 50 ^( 00 ) = log- ^ - ^ ^ 

cap((L \ P) cap((L \ Pm) 

we obtain from Harnack’s theorem m Theorem 1.3.9]) that gQ{z)—gQ^{z) 

0 locally uniformly on compact subsets of P. This, and the fact that this 
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sequence is defined in n A 5 ( 2 ;o) and has boundary values identically 0 on 
n A 5 ( 2 :o), then implies (see e.g. |lll Lemma 7.1]) the following: if n 
denotes the normal to zq in the direction of then, as m —)• oo, 


dfffim(zo) dgnizo) 

dn dn 

But in the Type I situation we have (see [m II.(4.1)] combined with [THl 
Theorem 4.3.14] or |T71 Theorem IV.2.3] and [T71 (1.4.8)]) 


ujr(zo) 


1 dgQ(zo) 
2'k dn ’ 


and a similar formnla is true for cup^, hence 


( 8 . 2 ) 


i^r„,(zo)cvr(zo), m ^ oo. 


This takes care of (ii). 

Finally, we use the following statement from [221 Theorem 7.1]: 

Lemma 8.3 Let S be a continuum. Then the Green’s function g^'^g{z,oo) 
is uniformly Holder 1/2 continuous on S, i.e. if zq G II, then 

g^.^g{zo,oo) < C'dist(zo,5’)^/^. (8.3) 

Furthermore, here C can he chosen to depend only on the diameter of S. 

If we apply this with S = , k = 0,... ,kQ and use that (z) < (z) 

for each k (where, of course, is the unbounded component of C \ T^), 
then we can conclude the first inequality in (iii). In this case (i.e. when J is 
of Type I), the second inequality in (iii) is trivial, since, by the construction, 
gpi^ is identically 0 on T. 


8.2 Proof of Proposition 18.21 

For an m let Ji^m resp. J 2 ,m be the two open subarcs of J of diameter 1/m 
that lie outside A 5 ( 2 ;o), but which have one endpoint in A 5 ( 2 ;o) (see Fignre 
E]) (for large m these exist). 

Remove now and J 2 ,m from F. Since we are in the Type II situation, 
after this removal the unbounded component of the complement of F*^ \ 
L 2 ,m] is P U J\^rn U L 2 ,Tni and F \ U J 2 ,rri) Splits into three 

connected components, one of them being J n A5(zo)- Let F'^’^,F‘^’^ be the 
other two components of F*’/ (Ji^m U J 2 ,m)- As m —>• oo we have cap(C\ (PU 
Ji,m U J 2 ,m)) —t cap(C \ P), and since now the domains Ft U U J 2 ,m are 
shrinking, we can conclude from Harnack’s theorem as before that gn{z) — 
gpimiz) —)• 0 locally uniformly on compact subsets of P. This implies again 
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Figure 6: The arcs and J 2 ,m 


that if n± are the two normals to F at zq (note that now both point inside 
n), then 

9gnuJi,^uj2.^(^o) ^ dgnjzo) 

9n± (9n 

as m —)• oo. Since now (see [TH IL(4.1)] or [TTl Theorem IV.2.3] and [T71 


(1.4.8)]) 


uJr{zo) 


J_ f dgnjzo) 5ffo(zo) \ 

27r \ 9n+ 9n_ J 


(8.4) 


we can conclude again that 


0 < - u)r{zo) < Sm (8.5) 

with some Em > 0 that tends to 0 as m —)• oo. By selecting a somewhat 
larger Em we may also assume 


fl'f2UJi,mUJ2,m ('^) ^ Z S Jl^m U J2,m (8-6) 

(apply Lemma E3] to 5 = F n A5(2:o) and use that gnuJi,mUJ 2 ,miz:) < 
%\(rnA^)(^))- 

For the continua F^’^, F*^’^, Fi, F 2 ,..., F^^ and for a small 0 < 6 < 
1/m select C^-smooth Jordan curves 71 , 72 , • • • ,7fco that lie in flU 

Ji,m U J 2 ,m and are of distance < 6 from the corresponding continuum. Let 
Fm,6» be the union of J H A 5 (zo) and of these last chosen Jordan curves. 
Then Fm,6» consists (for small 6) of A:o + 2 Jordan curves and one Jordan 
arc (namely J H A 5 ( 2 :o)), all of them C^-smooth. According to the proof of 
Proposition 18.II we have 

‘^r^.e(^o) -S' a;r\(Ji,^uJ2,^)(^o) 

as 0 —)• 0, therefore, for sufficiently small 0, we have (see (|8.5p i 

-Em < UJr^ gizo) - Wr(2:o) < ^m- 

Thus, if 6 is sufficiently small, we have properties (i), (ii) and (iv) in 
the proposition for F^ = l^m,e- The first inequality in (iii) follows exactly 
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as at the end of the proof of Proposition 18.11 Finally, the second inequality 
in (iii) follows from (I8.6p because 

(where 0^,6 is the unbounded component of C \ Tm,e) and gn^g{z) = 0 if 
Z G r unless Z G Jl^m U J 2 ,m- 

These show that for sufficiently small 9 we can select Fm in Proposition 
EJas F^,,. 


9 Proof of Theorem 11.2 

Let F be as in Theorem O and let F = U^^qF^ be the connected compo¬ 
nents of F, Fq being the one that contains zq. We may assume that zq = 0. 
Set 

t = {z : 2 :^ G F}, tk = {z : 2 :^ G Ffc}. 

Every F^. is the union of two disjoint continua: F^ = F^ U F^, where F^ = 
-f+. Set f± = Ufcf^. All the are disjoint, except when k = 0: then 0 
is a common point of F^, but except for that point, Fq" and are again 
disjoint. In general, we shall use the notation H for the set of points 2 for 
which 2 ^ belongs to H, and if Lf is a continuum, then represent H as the 
union of two continua iL'*' U H~, where H~ = —H~^, and H~ and H~^ are 
disjoint except perhaps for the point 0 if 0 belongs to H. 

Now F^j" U Fq is connected, and if J is the C^-smooth arc of F with 
one endpoint at zq = 0, then J is a C^-smooth arc that lies on the outer 
boundary of F, and J contains 0 in its (one-dimensional) interior. Thus, F 
and 2 o = 0 satisfy the assumptions in Theorem ll.il 

For a measure /r defined on F let /2 be the measure djl{z) = ^d//( 2 ^), i.e. 
if, say, E C r+ is a Borel set and = { 2 ^ : 2 G E}, then 

Ji{E) = 

and a similar formula holds for E C F". So fl is an even measure, which 
has the same total mass as fi has. 

Let r'r be the equilibrium measure of F. We claim that r'p = vp. Indeed, 
for any 2 G F we have 

J log\z - t\du^{t) = J (log I 2 - t|-I-log I 2 -I-t|)di^(t) 

= ^^log|22 

= - J log jz^ — ujdiyriu) = const 


55 





because the equilibrium potential of t'r is constant on T by Prostman’s the¬ 
orem (see m Theorem 3.3.4]), and € T. Since the equilibrium measure 
z/p is characterized (among all probability measures on T) by the fact that 
its logarithmic potential is constant on the given set, we can conclude that 
z^r is, indeed, the equilibrium measure of T (here we use that all the sets 
which we are considering are the unions of finitely many continua, hence the 
equilibrium potentials for them are continuous everywhere). 

Let 7 (t) be a parametrization of J~^ with 7 ( 0 ) = 0. Then 7 (t)^ is a 
parametrization of J, and the two corresponding arc measures are \'y\t)\dt 
and \{'y{t)‘^y\dt = {t)\dt, resp. Therefore, since the z^p-measure of 

an arc { 7 (t) : ti <t < t 2 } is the same as half of the z^p-measure of the arc 
: ti <t < t 2 }, we have 

[ ‘^r{'y{t)W{t)\dt = ^ f ujr{7{tf)2\-f{t)\\'y'{t)\dt, 

Jti ^ Jti 

from which 

= ‘^r(7W^)l7WI, t ^ 

follows (recall, that on both sides the oj is the equilibrium density with 
respect to the corresponding arc measure). A similar formula holds on 
J”. But ujf^{z) is continuous and positive at 0 (see e.g. [Ml Proposition 
2 . 2 ]), therefore the preceding formula shows that ojy{z) behaves around 0 as 
we have (see (II. for the definition of M(r,0)) 

M(r,0) = lim \/\z\ujt-{z) = a;p(0). (9-1) 

z —>-0 ^ 

Now the same argument that was used in the proof of Proposition 13.21 
(see in particular (I3.6p ') shows that 

A2n(/i,0) = An(Ai,0). (9.2) 

/r was assumed to be of the form w{z)\z\^dsj{z) on J, hence, as before, 

[ = ]- j u;(7(t)2)|7(t)2|«2|7(t)||7'(t)|dt, 

Jti z 

and since here \'y'{t)\dt is the arc measure on J~^, we can conclude that on 
the measure jl has the form djl{z) = w{z‘^)\z\^°‘~^^dsj{z), and the same 
representation holds on J~. Therefore, Theorem 11.11 can be applied to the 
set P, to the measure Jl and to the point zq = 0, the only change is that now 
a has to be replaced by 2 q! -|- 1 when dealing with the measure Jl. Now we 
obtain from (19.2p 

lim ( 2 n)^"+^A 2 n(/i, 0 ) = lim ( 2 n)^“+^An(/r, 0 ), 
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and since, according to Theorem ll.il the limit on the left is 

o2a+2p/ ^Q^ + ^(0) 

V 2 / V 2 /(7rwf(0))2«+2’ 

we obtain 

Ji.n 0) = r(a + l)r(a + 2) ■ 

which, in view of (El]), is the same as (II.6p in Theorem 11.21 
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